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Abstract

This paper investigates the identification and inference of treatment effects in ran-
domized controlled trials with social interactions. Two key network features characterize
the setting and introduce endogeneity: (1) latent variables may affect both network for-
mation and outcomes, and (2) the intervention may alter network structure, mediating
treatment effects. I make three contributions. First, I define parameters within a post-
treatment network framework, distinguishing direct effects of treatment from indirect
effects mediated through changes in network structure. I provide a causal interpretation
of the coefficients in a linear outcome model. For estimation and inference, I focus on
a specific form of peer effects, represented by the fraction of treated friends. Second,
in the absence of endogeneity, I establish the consistency and asymptotic normality of
ordinary least squares estimators. Third, if endogeneity is present, I propose addressing
it through shift-share instrumental variables, demonstrating the consistency and asymp-
totic normality of instrumental variable estimators in relatively sparse networks. For
denser networks, I propose a denoised estimator based on eigendecomposition to restore
consistency. Finally, I revisit Prina (2015) as an empirical illustration, demonstrating
that treatment can influence outcomes both directly and through network structure

changes.
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1 Introduction

Peer effects have been extensively studied in the economics literature. However, identifying
these effects can be challenging without randomized experiments. Recent research has
integrated peer effects with randomized controlled trials (RCTSs) to improve their identification
across various fields, including education, microfinance, public health, agriculture, and social
psychology.! These studies go beyond direct effects, exploring how interventions spread
through social interaction, potentially amplifying or dampening their impact. This introduces
a phenomenon known as “interference.”? The literature on spillover effects often assumes
exogenous networks, where no latent variables influence both network formation and outcomes,
and the network remains unchanged after the intervention. However, empirical evidence
suggests that networks can be endogenous even in randomized experiments, as latent variables
may influence both network formation and outcomes, and treatment can alter the network
structure. Motivated by these concerns, this paper investigates the identification and inference
of causal effects in RCTs with interference, accounting for both sources of endogeneity.

Many empirical studies suggest that network structures are influenced by latent variables
and evolve in response to interventions. For example, Prina (2015) conducted an RCT offering
savings accounts to villagers in Nepal and found significant network changes before and after
the intervention. Similarly, Banerjee et al. (2023) found that introducing formal financial
institutions in Indian villages reduced social connections, as access to formal institutions
diminished the need for social ties, demonstrated through both an observational study and
an RCT. Barnhardt et al. (2017) analyzed a housing lottery program designed to improve
housing situations but found that it increased isolation from family and exacerbated financial
insecurity. Likewise, Carrell et al. (2013) conducted a group formation experiment to improve
low-ability students’ performance, but the intervention backfired as low-ability students
formed stronger bonds with similar peers, worsening their outcomes.

In empirical studies, researchers often rely on pre-intervention network data to fit regres-
sions or control for unobserved confounders (Carter et al., 2021). However, this approach can
be problematic. When post-intervention networks ultimately influence outcomes, relying on
pre-intervention networks introduces measurement error. Conversely, using post-intervention

networks, which are shaped by both treatment and latent variables, introduces endogeneity

1See, for example, Sacerdote (2001), Miguel and Kremer (2004), Sobel (2006), Banerjee et al. (2013), Cai
et al. (2015) and Paluck et al. (2016)

2The term “interference” originates from the assumption of no interference between individuals in the
potential outcomes framework for causal inference (Cox, 1958; Rubin, 1980). It initially referred to how
spillover effects disrupted or “interfered with” the standard comparison between treated and untreated groups,
complicating the estimation of direct treatment effects. However, the concept of interference has evolved,
and in many contexts, it now encompasses situations where spillover effects are not just nuisances but are
themselves of primary interest.



issues, even in randomized experiments. Specifically, treatment-induced changes in the
network make it challenging to disentangle the direct effects of treatment from the indirect
effects mediated by changes in network structure. Separating these effects is crucial for un-
derstanding the mechanisms of the intervention and designing effective policies. Furthermore,
latent variables complicate the identification and estimation of causal effects, potentially
leading to biased and inconsistent estimates of causal effects. This paper demonstrates a
novel approach to utilizing panel network data for separating and consistently estimating
these effects by fitting the regression with post-intervention network data while constructing
instrumental variables from pre-intervention network data.

To account for network evolution induced by the intervention, I apply the mediation
analysis framework (Pearl, 2001; Heckman and Pinto, 2015) to distinguish the direct effects
of treatment from the indirect effects mediated by changes in network structure. Researchers
often use effective treatment, also known as exposure mapping, for dimensionality reduction
(Manski, 2013; Aronow and Samii, 2017). This low-dimensional statistic captures interference
patterns by mapping units, treatment assignments, and network structures to the exposures
each unit receives. In my context, since the network is a post-treatment variable, I treat
the exposure mapping as a mediator transmitting the indirect effect of the treatment on the
outcome. I define the causal parameters within this framework, distinguishing between the
direct effect of the treatment on the outcome and the indirect effect mediated by changes in
the network. I assume a linear outcome model that incorporates both the treatment and the
network mediator while allowing for additive and flexible forms of unobserved confounding.
In this model, the coefficients have clear causal interpretations, and the framework can be
applied to any mediator.

For estimation and inference, I focus on a specific mediator defined as the fraction of
treated friends. This approach aligns with the anonymous interference assumption from
Hudgens and Halloran (2008) and Manski (2013). Consequently, the linear model considered
in this paper represents a special case of the linear-in-means (LIM) model (Manski, 1993;
Blume et al., 2015), focusing on contextual peer effects, which captures the mean impact of
friends’ treatments. Within this LIM framework, the endogeneity issue arises only when both
conditions are met: the network depends on the treatment but is not mean-independent, and
an unobserved confounder is present. Although this paper focuses on a specific form of peer
effects, the discussion of the SSIV relevance condition offers valuable insights into other types
of peer effects.

When no endogeneity is present, I propose using OLS estimation with post-intervention
network data. I demonstrate the consistency and asymptotic normality of the OLS estimators
across different levels of network sparsity. With the fraction mediator, [ handle the diminishing

variation of the regressor in denser networks and find that treatment-induced network changes



can increase sample variation in the fraction and enhance the convergence rate. Additionally,
I demonstrate that the standard heteroskedasticity-consistent variance estimator ensures valid
inference, even with dependent regressors and nonstandard convergence rates in estimation.

When unobserved confounders are present, I address endogeneity using shift-share (or
“Bartik”) instrumental variables (SSIV) (Bartik, 1991). The SSIV mitigates endogeneity
by combining a set of shocks using exposure share weights. This paper extends the shift-
share design to the network setting by constructing the IV as a combination of the random
shock (others’ treatment assignments) and non-exogenous exposure (pre-intervention network
structure), following Borusyak and Hull (2023). I provide a thorough examination of the
conditions required for a valid IV, with particular emphasis on the relevance condition
across varying levels of sparsity. I demonstrate that the relevance condition for SSIV fails
as networks become denser, as increased overlap in friendships reduces variation in SSIV
across units, which limits its effectiveness as an instrument for the endogenous network
mediator. Specifically, I show that IV estimators using SSIV are consistent in relatively sparse
networks. In denser networks, where IV estimators using SSIV may be inconsistent, I adapt
the approach of Li and Wager (2022) to propose an eigendecomposition-based denoised SSIV
estimator for consistent estimation. Furthermore, I establish the asymptotic normality of the
IV estimators using both SSIV and modified SSIV and provide consistent variance estimators
that account for unit dependencies introduced by the SSIV, ensuring valid inference.

I present simulation evidence supporting my theoretical results for both OLS and IV
estimators using SSIV and modified SSIV. These results are derived in an asymptotic
framework where networks are modeled as random graphs with varying sparsity rates. The
estimation results across various sample sizes and sparsity levels confirm the asymptotic
results of my theoretical analysis.

For empirical illustration, I revisit Prina (2015), which offered access to formal savings
accounts to a random sample of female household heads in 19 villages in Nepal. My results
demonstrate that IV estimation effectively addresses the endogeneity issue arising from
unobserved confounders. Results from IV estimation and the OLS estimates in Prina (2015)
can differ in both sign and significance when the indirect effect is significant. Additionally, I
find that the intervention influences various outcomes through multiple channels: some are
directly impacted by the treatment, while others operate through changes in the network

mediator, which captures patterns of interference.

Related Literature

First, it builds on the peer effects literature, which explores how individuals’ outcomes

are shaped by their peers’ behaviors, actions, or characteristics. The standard empirical



framework for peer effects is the LIM model, which assumes that agents are influenced by the
average actions of their peers. The seminal work of Manski (1993) formalizes the reflection
problem, highlighting the difficulty of disentangling endogenous peer effects from correlated
and contextual influences within the LIM framework. Bramoullé et al. (2009) extend this line
of inquiry by characterizing the identification conditions for peer effects in network settings,
providing crucial insights for empirical applications. In a critical review of the literature,
Angrist (2014) scrutinizes various econometric methods and empirical studies on peer effects,
offering sharp critiques of existing approaches and underscoring key challenges in this field.

The literature outlines four broad strategies for identifying peer effects while accounting
for correlated effects: random peers, random shocks, structural endogeneity, and panel data
(Bramoullé et al., 2020). Researchers estimate causal peer effects by studying contexts with
randomly assigned peers, through natural or artificial experiments (Sacerdote, 2001; Carrell
et al., 2013; De Giorgi et al., 2010). Identification relies on the fact that random assignment
ensures an agent’s characteristics, both observed and unobserved, are uncorrelated with
those of her peers. When peers are not random, researchers seek to identify peer effects
using other sources of exogenous variation, such as randomized interventions or quasi-random
experiments (Dieye et al., 2014; Nicoletti et al., 2018; De Giorgi et al., 2020; Arduini et al.,
2020). In the absence of a clear source of exogenous variation, researchers have developed
structural frameworks to address correlated effects and identify peer effects in networks
(Goldsmith-Pinkham and Imbens, 2013; Graham, 2015, 2017; Hsieh and Lee, 2016; Hsieh
et al., 2019; Johnsson and Moon, 2019), employing methods such as Bayesian approaches
and control function techniques. Combined with panel data, the inclusion of individual fixed
effects enables researchers to control for agents’ time-invariant unobserved characteristics,
helping to address issues of correlated effects (Arcidiacono et al., 2012; De Giorgi et al., 2020;
Comola and Prina, 2021; de Paula et al., 2023).

This paper contributes to the peer effects literature by leveraging randomized treatment
and panel network data in a novel way for identification and estimation, accounting for
treatment-induced network changes. Specifically, I combine randomized treatments and
pre-intervention networks to construct SSIV, instrumenting endogenous variables from the
post-intervention network. This approach is conceptually similar to the use of lagged variables
as instruments in panel data models, as developed by Arellano and Bond (1991) and later
expanded by Bun and Sarafidis (2015). By incorporating pre-intervention networks into the
SSIV framework, I aim to address potential endogeneity issues while capturing the dynamic
evolution of network structures over time. The most related work is Comola and Prina (2021),
who study interventions that impact network structure. They allow for endogenous peer effects
but assume conditional exogeneity of pre- and post-intervention networks, addressing different

endogeneity sources. They adapt “lagged” partner characteristics as instruments, focusing



on identification conditions rather than asymptotic properties. Other recent studies explore
dynamic networks, often focusing on edge-level variables. Auerbach (2022a) develops a test
to assess how treatments like social programs or trade shocks impact network link formation,
while Auerbach and Cai (2023) examine social disruption by analyzing the formation and
dissolution of network connections in response to policy using a random or quasi-random
assignment framework.

Second, I contribute to the shift-share IV literature by demonstrating the relevance
condition of SSIV across a broad range of network sparsity regimes. Shift-share specifications
are increasingly common in many contexts, including labor, public, development, macroeco-
nomics, international trade, and finance; see Card (2009), Autor et al. (2013), Nakamura and
Steinsson (2014), Bourveau et al. (2020) and Breuer (2022). There are two main approaches
to identification in the SSIV literature. Bartik (1991) and Goldsmith-Pinkham et al. (2020)
suggest identification based on the exogeneity of the exposure shares. In contrast, Borusyak
et al. (2022) suggest identification through the quasi-random assignment of shocks, which
allows for endogenous exposure shares, as do Adao et al. (2019) and Borusyak and Hull
(2023). Adao et al. (2019) investigate inference in shift-share regression designs and develop
new results for the inference that remain valid even in the presence of arbitrary cross-regional
correlation in the regression residuals. Their findings suggest that cluster-robust standard er-
rors, commonly reported in such settings, may lead to the overrejection of the null hypothesis.
Borusyak and Hull (2023) extend the SSIV idea to the nonlinear case, where multiple sources
of variation are combined according to a known formula. However, these papers impose a
key condition for the relevance of SSIV to hold. Specifically, most observations are primarily
exposed to a small number of shocks influencing treatment. In this paper, I characterize the
regimes in which the relevance condition holds, ensuring that IV estimators with SSIV lead
to consistent estimation. I also establish a connection to the work of Li and Wager (2022),
noting that their estimator for indirect effects fundamentally employs the SSIV approach to
address the endogeneity issue of unobserved confounding.

Third, I contribute to the interference literature by accounting for stochastic and treatment-
induced network. The concept of “interference” challenges the “stable unit treatment value
assumption” (SUTVA), a foundational principle of classical causal inference that assumes no
interference between units (Cox, 1958; Rubin, 1980; Imbens and Rubin, 2015). The existing
literature on estimating treatment effects under interference primarily follows a design-based
approach (Hudgens and Halloran, 2008; Aronow and Samii, 2017; Abadie et al., 2020; Leung,
2022; Gao and Ding, 2023). It makes no assumptions about outcome models and network
formation, and inference is based on random treatment assignment. Given the stochastic
nature of networks, it is natural to question how this affects inference. Recent studies

have started exploring the impact of network stochasticity by modeling network graphs as



realizations from an (unknown) graphon. For example, Leung (2020) analyzes nonparametric
and regression estimators for treatment and spillover effects in sparse networks, while Li
and Wager (2022) examines the asymptotics of treatment effect estimation under network
interference, allowing for arbitrary dependencies on unobserved latent variables. However,
these studies do not consider how treatment-induced changes in network structure further
influence causal effects. Many studies on interference assume partial interference, with units
divided into clusters where interference occurs only within each cluster (Sobel, 2006; Hudgens
and Halloran, 2008; Tchetgen and VanderWeele, 2012; Liu et al., 2019). In contrast, this
paper examines a single large network, allowing for arbitrary interference patterns.

Our paper also relates to the literature on mediation analysis (Vanderweele et al., 2013;
Pearl, 2001; Heckman and Pinto, 2015; Cheng et al., 2022) by treating exposure mapping
as a mediator, accounting for post-intervention network changes. Previous studies propose
regression estimators for latent mediation but often lack rigorous asymptotic theory or causal
interpretation (Che et al., 2021; Liu et al., 2021; Di Maria et al., 2022). Hayes et al. (2023)
consider latent network positions while excluding interference, while Sweet (2018), Sweet and
Adhikari (2020), and Guha and Rodriguez (2021) treat entire networks as mediators.

Organization of the paper In Section 2, I introduce the framework, define the parameters
of interest, and provide the identification results. In Section 3, I discuss the endogeneity issue
associated with the fraction mediator and the common practice of using pre-intervention
network data to mitigate it. In Section 4, I explore estimation across various cases. 1 first
present the asymptotic properties of OLS estimators in the absence of endogeneity. I then
account for unobserved confounders and employ SSIV for estimation, analyzing its asymptotic
properties. Additionally, I propose a modification to SSIV for cases where the network gets
denser. Section 5 presents the results of the Monte Carlo simulations. Section 6 illustrates
the results in an empirical application based on the RCT in Prina (2015). Section 7 offers
the concluding remarks. The appendix of the paper collects all of the proofs, as well as some

intermediate results.

Notation I use O(),Op(),0p(), =, >, <, =, =< in the following sense: a,, = O(b,) if |a,| <
Cb,, for n large enough; X,, = Op(b,), if for any 6 > 0, there exists M, N > 0, s.t. P[|X,,| >
Mb,] < ¢ for any n > N; X,, = op(b,,), if imP[|X,,| > eb,] — 0 for any € > 0; a,, < b, if
there exists ki, ko > 0 and ng, s.t. for all n > ng, k1a, < b, < koay; a, > by, if lima,, /b, = oo;
a, < by if lima, /b, = 0; a, = b, if b, = O(a,); a, < b, if a,, = O(b,). Let 1,,_; represent a
vector of ones with n — 1 elements, and 0,,_; represent a vector of zeros with n — 1 elements.
Let || - ||op denote the operator norm. Define E,,(-) as the expectation taken over the marginal
distribution of w;. Let X_; represent the set {X,},.,. The abbreviation “i.i.d.” stands for



“independent and identically distributed.”

2 Setup

2.1 Framework and Notation

I consider an RCT with n participants. For each participant ¢ € {1,...,n}, let ¥; € R
denote the observed outcome of interest, T; € {0,1} denote the treatment assignment where
T; ~ Bernoulli(r) for some 0 < 7 < 1, and w; denote the unobserved covariates. I consider a
single large network, allowing for an arbitrary form of interference within it. The network

structure is represented by an adjacency matrix A = {4;;} where the (i, 7)th entry

ij=1>
A;; € {0,1} indicates whether units ¢ and j are connected. The adjacency matrix is assumed
to be undirected (symmetric), unweighted (binary values), and has no self-links (A; = 0). I

Pre “which represents the network observed

differentiate between two network structures: A
before the intervention, and AP°', which corresponds to the network observed after the
intervention. I assume the researchers observe both AP™ and AP,

Figure 1 illustrates the causal mechanism considered in this paper.® I assume that the
post-intervention network AP influenced by the treatment vector, plays a critical role in
determining the outcome. Consequently, the exposure mapping, also known as the effective
treatment, which maps {7;}?_, and AP*' to some low-dimensional statistics, serves as a
mediator through which the treatment indirectly affects the outcome. I denote this mediator
as M;. Specifically, I assume that T; has both a direct effect on Y; and an indirect effect
through changing network mediator M;. The network AP* is shaped by both the treatments
and the latent variable w;, which may also influence the outcome. As a result, w; acts as a
confounder between the mediator and the outcome. The treatments of other units 71", affect
Y; exclusively through the network mediator M;.

Mediators can take various forms. For example:

n postr
21 Ay T

Mi: Zn Apost ’
j=14%ij

(1)
which measures the fraction of treated friends after the intervention. This mediator depends
solely on the number of (treated) friends, regardless of their identity. It is a specific form
of the anonymous interference assumption proposed by Hudgens and Halloran (2008), also
referred to as the anonymous interactions assumption by Manski (2013). Other examples of

anonymous interference include:

31 use the graph for illustration without using formal graphical language.



Figure 1: Causal mechanism.

(1) My=>7", APP'T; which measures the total number of treated friends after the inter-

vention;

(2) M;=1{>"7_, AffStTj > 0}, which measures whether there is at least one treated friend

after the intervention.

Potential Value Notation

To define the causal parameters of interest, I introduce the potential value notations for the
mediator and the outcome, following the mediation analysis literature (Robins and Greenland,
1992; Pearl, 2001; Heckman and Pinto, 2015). First, I consider a hypothetical intervention on
the treatment vector ¢ and define the potential values of the mediators for unit ¢ corresponding

to this intervention as:
{M;(t) -t € {0,1}"},

Note that potential mediator M;(t) depends on the treatment vector ¢ in two ways: it is a
direct function of ¢ and the network structure AP°' which implicitly depends on ¢ as well. 1
then consider a hypothetical intervention on both ¢; and m;. Define the potential outcomes

corresponding to the interventions on t; and m; = M;(t;,t_;) for unit i as:
{Y;<tlvm2) € {07 1},77711 S M}J

where M contains all possible values of m;. This notation reflects that the potential outcome
Y;(t;, m;) depends not only on ¢;, the treatment assignment of unit ¢, but also on the network
changes induced by the intervention, as captured by the function M;. Additionally, it indicates
that the treatment assignments of others influence the potential outcome of individual ¢ only

indirectly through the mediator M;. I also define the nested potential outcomes corresponding



to an intervention on ¢; and m; = M;(t},t_;) as:
{Yi(ts, My(t;,t_;)) : t; € {0,1},8; € {0,1},¢_; € {0,1}" "}

The notation Y;(t;, M;(t;,t_;)) represents the hypothetical outcome when the treatment is
set to level ¢; and the mediator is set to its potential value M;(t;,¢_;), corresponding to
the treatments ¢, for unit ¢ and ¢_; for the other units. I allow ¢; and ¢; to differ to define
counterfactual outcomes where either the treatment level or the mediator level changes, while
the other remains fixed. This approach enables the separation of the two channels through
which the treatment affects the outcome, either directly or indirectly. The observed values of

the mediator M; and the outcome Y; are related to their potential values as follows:
Mi = Mz(t“t_z) if ﬂ = tz and T_i = t_i,
and

Remark 2.1. The interference literature typically defines potential outcomes as a function

of the treatment vector (Hudgens and Halloran, 2008):
(3000 1€ 05t € 0111

which does not account for how an individual’s treatment affects their exposure to others in
the network, thereby indirectly influencing the outcome. Specifically, it cannot capture the
scenario where the treatment or mediator levels change while the other remains fixed, i.e.,
when t; # t.. The expression Y;(t;, M;(t.,t_;)) nests Y;(t;,t_;) as a special case when t; =
and M; = t_;. In the causal graph shown in Figure 1, the arrow from T; to M; would be

omitted if the treatment does not affect the network.

Data-Generating Process for Networks

I specify that the relationship between unit ¢ and j before and after the intervention is

determined by the following random graph models:

A =1 {my < qf g™ (wi, wy) } 1 # i}, 2)
AP =1 {mi; < ¢ gP (wi,w;, T3, Th) } 145 # i, (3)

where {w; };_; are the i.i.d. latent variables and {n;;}7,_, is a symmetric matrix of unobserved

scalar disturbances with upper diagonal entries that are mutually independent. I allow the

10



sparsity parameters, ¢?™ and ¢2°, to differ after the intervention for generality. The pre-
intervention graphon, ¢**¢, depends on the latent variable of the pairs, w; and w;, while
the post-intervention graphon, ¢P°*, also incorporates the treatment assignments 7; and
T; in forming links. Since the idiosyncratic term 7;; and the latent variable w; are not
time-varying, the framework to account for cases where the network remains unchanged
after the intervention, with gP™ = gP°* 4 Changes in the network are primarily attributed
to the intervention, while exogenous shocks unrelated to the intervention are reflected in
the difference between gP™ and ¢gP**. Thus, the network formation described in (2) and (3)
captures the features that network formation is driven by latent variables and may evolve

over time, with changes induced by the intervention.

Remark 2.2. The latent variable w; may be either a scalar or a vector, with the key
requirement being a common or correlated component that influences both the pre- and
post-intervention networks. This relationship ensures that the pre-intervention network is

predictive of the post-intervention network, allowing it to serve as an instrument.

The distribution of n;; is not separately identified from the graphons and sparsity param-
eters, so it is typically normalized to follow a standard uniform distribution. As a result,
q2g° represents the probability that a given pair is connected, for ¢ € {pre,post}. The
graphon-based network model in (2) and (3), which takes the form of an inhomogeneous
Erdés-Rényi graph, is motivated by Aldous-Hoover Theorem on exchangeable arrays (Aldous,
1981; Lovasz and Szegedy, 2006; Bickel and Chen, 2009) and has recently gained considerable
attention in econometrics (Gao et al., 2015; Zhang et al., 2017; Graham, 2020; Parise and
Ozdaglar, 2023). Recent studies have also employed this model to account for randomness
in network formation; see Auerbach (2022b), Cai (2022), and Li and Wager (2022). The
sparsity parameters ¢°, for ¢ € {pre, post}, serve as theoretical tools, (possibly) driving the
probability of any pair being connected to zero as n — co. The goal of this paper is to derive
theoretical results across a broad range of sparsity rates, encompassing the following three

cases:

(a) ¢¢ < n~! (bounded degree graph): the total number of friends for each unit remains

bounded and not vanishing in expectation;

(b) lim, e ¢5 = 0 and lim,, - ngS = oo (sparse graph): the probability of any pair forming
a connection decreases as the sample size increases, while the total number of friends for

each unit would increase in expectation;

4The assumption that 7;; is not time-varying can be relaxed. Specifically, 7;; in the pre- and post-
intervention networks can be treated as independent draws from the same underlying distribution or as draws
from correlated distributions. The conjecture is that the SSIV constructed based on AP™ may be weaker, as
additional exogenous shocks reduce its relevance.

11



(c¢) ¢% =<1 (dense graph): the total number of friends for each unit is approximately of order

n in expectation, growing at the same rate as the sample size.
I summarize the assumption on the network models below.

Assumption 1. The latent variables {w;};_, are i.i.d. and independent of {n;;}};_,, where
1ij EO [0,1] for j > i and n;; = nj;. The networks are randomly generated according to

equations (2) and (3), where ¢gP™ is a symmetric measurable function of w; and w;, and gP>*

is a symmetric measurable function of (7}, w;) and (T}, w;), both mapping into [0, 1]. The

1

sparsity parameters satisfy n=' 5 ¢% < 1, for o € {pre, post}.

2.2 Parameters of Interest and Identification

Now I define the causal parameters of interest in my setting.
Definition 1. For ¢t € {0,1}, define

(1) the average total effect ToE of unit i’s treatment as

(2) the average direct effect DE(t) of unit i’s treatment as

(3) the average indirect effect 1E(t) of unit i’s treatment as

E(t) = E[Y: (t, M; (1, T3)) = Yi (£, M; (0, T-))] ; (6)

(4) the average spillover effect SE(t) as

The average total effect ToE measures the average overall effect of changing the treatment
of unit ¢ on that unit’s outcome. I then decompose the ToE into two channels: one without
changes in the mediator and the other through changes in the mediator. The average direct
effect DE(t) captures the former, measuring the average effect of changing the treatment of
unit ¢, while keeping the mediator at the level it would have taken if T; had been set to ¢. The
average indirect effect IE(t) captures the latter, measuring the average effect of changing the

treatment of unit ¢ solely through its impact on the mediator while keeping the intervention

12



on unit 7 at level t. The average spillover effect SE(t) measures the effect on unit i’s outcome
of assigning everyone else to the treatment group versus the control group, while holding unit
i’s treatment status fixed at level t.°> In defining these causal effects, the expectation is taken
over all sources of randomness, including potential outcomes and the treatment assignments

of others.

Remark 2.3. The existing literature on interference typically defines the direct and indirect
effects of a binary treatment, based on the potential outcome notation in Remark 2.1. For

example, Hu et al. (2022) defined the average direct effect of a binary treatment as:
1 n
=— E EYi(t;=1,T_;) = Yi(t; = 0,T)],
TADE n [ ( ) ( )]
and the average indirect effect as:
1 n
:—E E ElY;t, =1,T1;) - Y,;(t;=0,1,)]. 8
Tate n [Y;( ) i( )] (8)

i=1 j#i

The estimand 7,p; corresponds to the ToE in (4). To better understand the intervention
mechanism, I further decompose the effect of T; on Y; into the DE(¢) in (5) and the IE(¢) in
(6), which operates through changes in the mediator.

The mediation formula relies on the following assumption.
Assumption 2. Foralli=1,--- ,n,
(a) (T3, T-;) LY, (t;,m;) for all t; € {0,1} and m; € M;
(b) (T;,T-;) 1L M;(t;,t_;) for all t; € {0,1} and ¢_; € {0,1}"%;
(¢) M; 1L Yi(t;;m;) | w; for all ¢; € {0,1} and m; € M;
(d) M;(t;,t_;) 1L Y; (t;,m;) | w; for all ¢; € {0,1}, ¢ € {0,1}, t_; € {0,1}""! and m; € M.

Assumption 2 is standard in the literature of mediation analysis (Pearl, 2001). Assumptions
2(a)-(b) assume no treatment-outcome confounding and no treatment-mediator confounding,
respectively. Assumptions 2(a)-(b) hold under experiments with randomized treatment.
Assumption 2(c) assumes that the variable w; captures all the confounding factors between
the mediator and the outcome. Assumption 2(d) assumes the cross-world independence

between the potential outcomes and potential mediators. However, Assumption 2(d) can never

°The SE(t) in (7) is one way to define spillover effects. Alternatively, spillover effects can be defined as
the change in unit i’s outcome resulting from differences between any two distinct intervention programs
through variations in the treatment of others.
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be validated, as it is impossible to observe both M;(t.,t_;) and Y; (¢;, m;) in any experiment
if t; # t..
Theorem 2.1 expresses the parameters of interest in terms of the observed data up to the

unknown distribution of w;.
Theorem 2.1. Under Assumption 2,
(1) ToE = E(Y; | T; = 1) — E(Y; | T; = 0);

(3) IE(t) = E { E[E(Y; | M;, T, =t,w;) | T; = 1, w,] }
w; ] :

(4) SE(t) = E { EE (Y | M, T; = t,w;) | Ty = £,T-; = 1,1, w] }

K [E (}/7, | MZ7E - t’wz) | ﬂ - th—i - On—luwi]

If the parameter of interest is solely ToE, it can be identified, and consistent estimators
can be obtained by regressing the outcome on the treatment indicator with an intercept, or
equivalently, by using the difference-in-means estimator, provided the treatment is randomly
assigned. However, if the focus is on distinguishing between the direct and indirect effects,
or when the spillover effect is of interest, these causal effects are identified only up to the
unknown distribution of w;.

Following the classical Baron-Kenny method (Baron and Kenny, 1986), I assume that the
potential outcome is linear in the treatment and mediator, and additive with respect to any
form of w;, as stated in Assumption 3, which implies Assumptions 2(c)-(d). However, I relax

the assumption that the mediator M; is a linear function of T; and w;.
Assumption 3. Assume the following (partially) linear model for the potential outcome:
Yi(ti, mi) = Bo + Buti + Bamy + Aw;) + &, (9)

where A(+) is an unknown measurable function with E(A(w;)) = 0. Additionally, assume that
{e;}r, are i.i.d., E(e?) < oo, and E(g; | T;, T_;, AP*") = 0.

Under Assumption 3, the observed outcome also follows the linear model:
Yi = fo+ BT + BaM; + Mw;) + &;.

Let u; denote the error term in the outcome model: u; = A(w;) + &;.
Although the framework in Section 2 applies to general forms of mediators, Sections 3

and 4 focus on the estimation and inference with the mediator specified in (1). I follow
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the convention of 0/0 = 0. I focus on M; in (1) for several reasons. First, different
forms of mediators exhibit varying levels of dependency and require different proofs. The
magnitude of M; in (1) is normalized and remains bounded as networks become denser and
sample sizes increase, ensuring the outcome does not diverge to infinity under a constant
treatment effect. Second, with this fraction as the mediator, the linear outcome model
introduced in Assumption 3 becomes a special case of the linear-in-means model (Manski,

2013). Incorporating endogenous peer effects is also of interest and is left for future work.

Remark 2.4. Auerbach (2022a) investigates the identification and estimation of the following

partially linear model, with the parameters of interest being 5 and A\(w;):
Vi=8"X,+ Mw;) + &, (10)
where w; is some unobserved latent variable that also drives the network formation:

Ay =1 {mj < g(wi,wj)} {j # i}.

Auerbach (2022b) focuses on the dense network, where the sparsity parameter equals 1.
The regressor X; in (10) corresponds to (1,7}, M;) in my setting. Auerbach (2022b) uses a
matching approach based on network data A;; to identify and estimate 5 and A(w;). However,
this method relies on dense networks and sufficient variation in the regressors after controlling
for the latent variable. In my context, which involves exogenous shocks from the randomized
treatment and does not prioritize identifying the latent variable part A(w;), I tackle the

endogeneity issue from the unobserved confounder using the IV method with SSIV.

Corollary 2.1 simplifies the statement of Theorem 2.1 under Assumption 3, and provides
the causal interpretation of the coefficients, which is analogous to the Baron-Kenny formulas

for mediation (Baron and Kenny, 1986).

Corollary 2.1. Under Assumption 3, then

(1) DE(1) = DE(0) = DE = f;

(2) TB(1) = IE(0) = IE = By - {E(M; | T; = 1) — E(M; | T; = 0)};

(3) ToE = py + By - {E(M; | T; = 1) = E(M; | Ti = 0)};

(4) SE(t) =B - {EM; | T, =t,T_;=1,1) — EM; | T, =t,T_; =0,_1)}.

Under Assumption 3, where the treatment 7; does not interact with the mediator M;,
DE(t) and IE(¢) do not depend on the value of ¢. Furthermore, Corollary 2.1 shows that /3

captures the direct effect of the treatment, while the indirect and spillover effects depend on
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B, scaled by the magnitude of changes in the mediator in response to changes in T; and T_;.
When the post-intervention network AP° is uncorrelated with the treatment, the mediator
does not respond to changes in T;, resulting in a zero indirect effect and making the total
effect equivalent to the direct effect. However, the spillover effect would still be present.
Additionally, with M; in (1), E(M; | T, =t,T_; =1, 1) — E(M; | T, =t,T_; = 0,_1) = 1,
indicating that Sy captures the spillover effect SE(¢) defined in (7). Corollary 2.1 justifies the
emphasis on the estimation and inference of 5, and 5 in this paper.

To summarize, I account for two key features of networks when estimating (’s:

(1) There exists some latent variable w; that influences both network formation, and conse-

quently the mediator, as well as the outcome of interest.

(2) Treatment assignments affect how units are exposed to others in the network, with the

exposure mapping serving as a mediator for the treatment’s effect on the outcome.

As a result, even in a randomized setting, if the causal effects of interest involve the network,
such as the IE(¢) in (6) and the SE(¢) in (7), endogeneity becomes a concern, potentially
biasing the estimation of 5. Given the correlation between T; and M;, this bias in estimating

(o can further affect the estimation of ;.

2.3 Motivating Examples

I present three empirical examples illustrating how social network structures can endogenously

evolve in response to interventions, potentially undermining their intended effects.

Example 2.1. Prina (2015) conducted an RCT to assess the impact of offering access to
formal savings on households’ financial situations in 19 villages in Nepal with 915 households.
Half of the female household heads were randomly offered the savings accounts, while the
other half were not. The financial links were measured by asking survey questions such
as “who did you exchange loans or gifts with?” The network experienced considerable
reshuffling, despite the total number of links remaining nearly constant (328 at baseline, 329
at endline). Of these, only 73 links persisted from baseline, while 255 links were broken after
the intervention, and 256 new links were formed by the endline. Importantly, the distribution
of treat-treat, control-control, and treat-control pairs among these link types was imbalanced.
Of the persisting links, 26 were treat-treat pairs, 17 were control-control pairs, and 30 were
treat-control pairs. Among the broken links, 68 were treat-treat, 74 were control-control, and
113 were treat-control. In contrast, among the newly formed links, 78 were treat—treat, 53
were control-control, and 125 were treat-control. I will revisit this study in Section 6 as an

empirical illustration.
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Example 2.2. Banerjee et al. (2023) investigated the effect of introducing formal financial
institutions on informal lending practices and social networks through studies in two distinct
settings. In their first study, they analyzed the non-random introduction of microfinance in
43 out of 75 villages in Karnataka, India. They found that social networks contracted more
in villages where microfinance was introduced. To validate these findings, they conducted an
RCT in Hyderabad, India, where 52 out of 104 neighborhoods were randomly selected for
microfinance introduction. Similar to the first setting, these neighborhoods also experienced a
reduction in social connections, even among households initially unlikely to borrow. Together,
these studies suggest that access to microfinance reduces the incentive to maintain and form

social links, affecting both borrowers and non-borrowers alike.

Example 2.3. Carrell et al. (2013) examined the impact of group randomization on academic
performance at the United States Air Force Academy, with the hypothesis that low-ability
students would benefit from exposure to high-ability peers. Incoming freshmen were randomly
assigned to treatment or control groups. The control group followed the usual distribution
of abilities, while the treatment group paired low-ability students with high-ability peers
and placed middle-ability students in separate squadrons. Contrary to expectations, the
intervention had a significantly negative effect on the academic performance of low-ability
students. While several factors could explain this outcome, the study found that the
endogenous sorting of roommates, study partners, and friends evolved differently in the
treatment group compared to the control group. Specifically, low-ability students in the
treatment group saw a notable increase in the number of low-ability study partners and

friends.

Examples 2.1-2.3 also highlight concerns about latent variables that influence network
formation. Example 2.1 demonstrates that transfers were linked to treatment households
having more assets and greater financial inclusion at baseline, suggesting that households
with more resources and higher socioeconomic status may also increase transfers to others.
Example 2.2 suggests that access to microfinance reduces borrowers’ incentives to maintain
connections, leading even non-participants to scale back efforts to form links. This is partly
because individuals connected to potential borrowers see diminished returns from these
relationships. Example 2.3 indicates that the increase in low-ability study partners and
friends was not merely due to the higher proportion of low-ability peers in the treatment
group but also reflected a pattern of homophily, as students gravitated toward others with

similar abilities.
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3 OLS estimation

In this section, I begin with discussing the properties of M; and the conditions under which
endogeneity arises in Section 3.1. In Section 3.2, I discuss the bias resulting from the common
practice in empirical studies of collecting and using only pre-intervention network data. When

no endogeneity arises, I explore the asymptotic properties of OLS estimators in Section 3.3.

3.1 Property of M;

Combined with the form of mediator in (1), the outcome model of interest is

n postrp
2 AT
Zn post
=144

In addition to assuming anonymous interference, this model assumes ‘“no second- or higher-

Y, = 8o+ BT + B2 + Aw;) + €;.

7

order effects,” meaning the treatment of units beyond direct connections has no impact.
The properties of the estimator depend critically on the characteristics of M;. The
regressor M; is dependent across units, and its fractional form raises natural concerns about
whether it provides sufficient variation, potentially leading to (near) multicollinearity issues.
To better understand the properties of M;, I decompose it as M; = & +r}, where &; is defined
as the ratio of the conditional expectations of the numerator and denominator of M; in (1):
E(AY™T; | T, wi)

v

E(AY™ | Tiywi)

v

(11)

i:

and r; is some remainder term. Throughout the paper, I present the results based on the

following two cases, depending on whether &; is degenerate or not:
(a) & is an i.i.d. variable across ¢ with constant variance, implying Var(&;) > 0;°

(b) & = m, implying Var(¢;) = 0.
post
ij

A%C’St,ﬂ,wi) = E(T; | T;,w;) = m. This case encompasses scenarios where the network

Case (b) occurs when AP is mean independent of 7j given T; and wj, i.e., E(T; |
remains unchanged after the intervention (i.e., AP = AP°") undergoes exogenous changes
unrelated to the treatment, or when AZ-OSt depends on Tj but is mean-independent. It has

two important implications for discussion. First, in Case (b), no endogeneity issue arises,

6The term &; does not depend on n because the sparsity rate g2°* cancels out between the numerator and
denominator.
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even with the presence of an unobserved confounder:

n ost
Zj 1Ap T']
Z] 1APOSt

n Apost
E[Mu)=E g |2 o peti| =0.
Z] 1A

7

The equality holds because A%OSt is conditionally mean independent of 7}, and Assumption
1 implies that AP is independent of T} for any k # j. This property, resulting from the
row normalization of the mediator, is also documented by Dieye et al. (2014) and applied
in the construction of the normalized SSIV (Card, 2009; Autor et al., 2013; Peri et al.,
2015; Adao et al., 2019; Goldsmith-Pinkham et al., 2020; Borusyak et al., 2022). Second,
the consistency condition and convergence rate of OLS estimators depend on whether &; is
degenerate. Treatment-induced network changes introduce greater variation in the fraction
mediator, potentially improving the convergence rate. By comparing the results of Cases (a)

and (b), I evaluate how the network’s response to the intervention influences inference.

3.2 Bias from OLS estimation with pre-intervention network

In empirical studies, researchers often assume the network remains unchanged and use
only pre-intervention data for estimation. Alternatively, even when acknowledging possible
network changes, they avoid post-intervention data due to endogeneity concerns and rely on
pre-intervention data to control for unobserved confounders (Carter et al., 2021). However,
using AP™ instead of AP*' in the regression model introduces omitted variable bias (OVB)
and impedes the identification and consistent estimation of direct, indirect, and spillover
effects.

Define M}™ as the mediator calculated using AP, i.e., M™ =30 | AT/ > 70 AVS.

Researchers typically estimate a linear regression with the following regressors:
Xpre _ (1 iz—vl’ Mpre)

Let gP*® denote the vector of population coefficients from the above OLS fit. By the argument
of OVB,

COV(TZ M;)
Var(T;)

This implies that if the mediator M; is uncorrelated with the treatment T;, there is no OVB

in 87", However, when a correlation exists between T; and M;, 57 captures the total effect

Cov(MP™, M;)

pre
ARRCE Var(MP™)

= ToE and S5 = 35 -

of T; on Y;, encompassing both the direct effect and the indirect effect through changes in

the mediator. The coefficient 55 represents the attenuated indirect effect, which remains
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uncontaminated by ;. If researchers are only interested in the total effect ToE, fitting an
OLS regression with X" using the pre-intervention network can still yield the desired result.
However, this approach cannot distinguish between direct and indirect effect channels and

fails to recover the spillover effect.

3.3 Asymptotic properties of OLS estimators

As discussed in Section 3.1, no endogeneity arises when either Var (§;) > 0 with A(w;) = 0, or
Var (§;) = 0. In such cases, I propose using OLS estimation with the regressor vector X; to
estimate [3:

X; = (1,T;, M;).

Let BOLS denote the vector of coefficients obtained from the above OLS fit.
Theorem 3.1. Under Assumptions 1 and 3,
(a) if Var (&) > 0 and A(w;) = 0, then 3°% — 8 = Op(n~/2);

(b) if Var (&) = 0, then 59" — By = Op (\/W), 3018 — B = Op(n~Y2) and 9" — B, =
Oe (V™).

Theorem 3.1 establishes the consistency conditions of BOLS in the absence of endogeneity
under Cases (a) and (b), respectively. Under Case (a), the convergence rate is the standard
v/n and does not depend on the sparsity rate ¢2°**. The intuition is that, by the decomposition,
&; represents the key term in M;. When &; is non-degenerate and thus i.i.d., the estimation
reduces to the standard case with i.i.d. data. Under Case (b), when ¢; is degenerate, the
variation of M; comes from the remainder term r;. As the network becomes denser, the
dependence among units increases, and the variation of M; across units decreases, which
slows the convergence rate. This explains why BSLS and BSLS are consistent only when the
network is not dense (i.e., ¢?°* < 1), with a (possibly) slower convergence rate than the usual
rate /7, scaled by v/ngh™". The convergence rate of 3% remains the standard v/, since T
is uncorrelated with the other regressor M; and thus unaffected by the dependency of M;

across ¢, as in the i.i.d. setting.

Next, I study the asymptotic distribution of BOLS, focusing on the regimes where it is
consistent. Define 4™ as the residual from the above OLS fit and stack X; to form the n x 3
design matrix X. The variance estimator Vo is the standard heteroskedasticity-consistent
(HC) variance estimator, defined as:

VOLS _ (XTX)—I‘A/OLS (XTX)_l, (12)

num
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where the middle term, Vo5 is given by

Vo = X Tdiag { (a9")%i = 1,...,n} X.

num

Theorem 3.2 focuses on the regimes of ¢°°* under which the OLS estimators are consistent.

Theorem 3.2. Suppose either Var (¢;) > 0 with A(w;) = 0 or Var (&) = 0 with ¢?** < 1.
Under Assumptions 1 and 3, then

(VOLS>_1/2 (BOLS _ 5) N0, ).

Theorem 3.2 establishes the asymptotic normality of 31 and shows that VO closely
approximates the asymptotic variance. There are two key implications. First, despite the
dependence of the regressor M; across units, the usual HC variance estimator V' in (12)
remains valid since the error term w; is assumed to be i.i.d. Second, the normal approximation
exhibits a self-normalization property, ensuring that inference based on standard t-tests
is reliable. Although the convergence rate of BOLS (potentially) depends on the sparsity
parameter ¢P°" its asymptotic normality is unaffected by the sparsity level, as the varying
order of BOLS is “canceled out” by the order of the variance component. This result is crucial
because the sparsity parameter ¢P°" is generally not identified (Bickel et al., 2011). A similar

self-normalization property is observed by Cai (2022) in the context of network centrality

regression and by Hansen and Lee (2019) in the context of cluster-dependent data.

4 IV estimation

In this section, I examine the IV estimation to address the potential endogeneity issue when
Aw;) # 0. T study the asymptotic properties of IV estimators using SSIV in Section 4.1,
showing that they become inconsistent as networks grow denser. To address this, in Section

4.2, 1 propose a modification to SSIV to restore consistency in denser networks.

4.1 Asymptotic properties of SSIV estimators

Endogeneity issue (potentially) arises when A(w;) # 0. To address this, one needs instruments
that are uncorrelated with u; and shifts M; enough to identify f5. I tackle this issue using
the shift-share instrumental variable approach. Borusyak and Hull (2023) proposed a general
approach for constructing SSIVs by combining exogenous shocks with non-exogenous exposure

through a known formula, adjusting for expected treatment. Applying this approach to my
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setting, I derive the following linear SSIV for M;:

ZZSSIV Z Apre

which leverages the treatment assignment of others, 7}, as the exogenous shock, weighted by
pre-intervention network information as the share.

To estimate [, I propose using IV estimation with the IV vector Z;:

(1 TZ,X:AMe —7'(').

Stack Z; to obtain the n x 3 matrix Z. Let BIV denote the vector of the coefficients obtained
from the IV fits with Z;.

I assess the validity of SSIV, and thus the identification of 3, by verifying two conditions:
exogeneity and relevance. The exogeneity of SSIV holds by construction, due to the random
assignment of treatments and the centering of treatment around the assignment probability:

<ZAP“ ) ] ZE (APw;) E(T; — m) = 0.

E [Z-SSIV

The question now turns to the relevance of the SSIV. Borusyak and Hull (2023, Assumption
3) assume weak mutual dependence of the SSIV to ensure the convergence of the sample first
stage, which, in my model, roughly implies that the network is not too dense. I thoroughly
analyze the relevance condition in my context and characterize the sparsity regimes under
which the SSIV provides consistent estimators, as stated in Theorem 4.1. In line with
Borusyak and Hull (2023), I demonstrate that consistency is achieved when both pre- and

post-treatment networks are relatively sparse.
Theorem 4.1. Under Assumptions 1 and 3,

(a) if Var (&) > 0 with max{gP™, ¢?°**} < n~'/2 then
BY = 8 = O (vnmax{gf™, ¢™'}) ;

(b) if Var (&) = 0 with max{g2™, ¢} < \/mg2**, then

n )

1 max{qgre, qnost}
_/81 = OP(%IH&X{ \/W ,1 .

22




Moreover, with max{gP™, ¢°?°**} < n~'/2 then

n

3~ fo = Op (Vimax{gl™ ¢@™}) and 3§ — B> = Op (Vi max{e™, ¢™}) .

Theorem 4.1 specifies the regimes under which 3" is consistent for Cases (a) and (b). The
consistency regime and convergence rates of B(I)V and Bév are invariant across these cases, both
depending on ¢2* and ¢?**, and are (possibly) slower than the usual rate \/n, scaled by the

n
degree in the denser network, n max{¢?™®, ¢2°*}. In Case (b), A1V converges at a (possibly)
faster rate compared to Case (a) and is consistent under a less restrictive condition. This
observation aligns with Theorem 3.1, which shows that, in Case (b), the estimation of 3 is
less affected by the dependency of M; across i and exhibits a faster convergence rate than
the estimator of (5.

Theorem 4.1 demonstrates that the consistency of the SSIV estimators breaks down when
networks are relatively dense, i.e., max{gE™, ¢°?°*} = n~'/2. Here is the intuition: the SSIV
method leverages variation in the number of treated friends for each individual, driven by
random fluctuations in treatment assignment. Incorporating network information is essential,
as the endogenous variable M; depends on the network structure. However, as the network
becomes denser, the variation in the number of treated friends across individuals decreases.
Consider an extreme case where all individuals are fully connected before the intervention.
In this scenario, the SSIV reduces to Z3%"V = > i»i(Tj — m), where the only distinction across

units is whether they are treated or not.

Y

Remark 4.1. A commonly used instrument in the peer effects literature is the “peer-of-peer’
IV (Bramoullé et al., 2009; De Giorgi et al., 2020). When peers of peers are not direct
peers, their characteristics influence individual outcomes only through their effect on peers’
outcomes, providing valid instruments. Identification also requires a non-overlapping peer
network, consistent with the findings on SSIV: the network must not be too dense and should

exhibit sufficient structural variation.

Remark 4.2. In Appendix E, I discuss the performance of the IV estimators using the
normalized SSTV suggested in Borusyak et al. (2022): 7% | AY*T;/ 57 | AP°. Instead of
centering the treatment around the assignment probability, this approach normalizes the total
number of treated friends to guarantee the exogeneity. However, as the network becomes
denser, this ratio converges to the assignment probability as the sample size increases. This
convergence can lead to a weak IV problem if the assignment probability is constant. See the

consistency condition of the IV estimators using this normalized SSIV in Theorem E.1.

Remark 4.3. The BLP instrument is widely used in empirical industrial organization to

address endogeneity in demand estimation by leveraging the characteristics of competing
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products as instruments (Berry et al., 1995; Armstrong, 2016). Both the BLP instrument and
the shift-share instrument share the fundamental idea of leveraging variation from external,
exogenous sources to identify causal effects. However, both the BLP instrument and the
normalized SSIV face challenges in maintaining identifying power in limiting cases. The BLP
instrument has limited identifying power asymptotically in large markets, as market shares

approach zero and the dependence of equilibrium markups on other products’ characteristics

diminishes. Similarly, the normalized SSIV, Y7, AY°T;/ 37" | A7, becomes degenerate in

denser networks, weakening its relevance.

Corollary 4.1 simplifies the results in Theorem 4.1 to the special case where ¢P™ < P,
Corollary 4.1. Suppose ¢2™ < ¢2°%*. Under Assumptions 1 and 3,
(a) if Var (&) > 0 with g2 < n~1/2 then " — 8 = Op(v/ng2*");

(b) if Var (@) — 0 it holds that S — 8, = Op (\/Lﬁ) Moreover, with g2t < n~1/2  then
= Op (Vnge>) and By — By = Op (V™).

Corollary 4.1 shows that in both Cases (a) and (b), 5 and 5% exhibit the same convergence
rate, which depends on ¢ and is (possibly) slower than the usual rate y/n. In Case (a),
the convergence rate of 51 matches that of Y and Y. However, in Case (b), where APt ig
conditionally mean-independent of the treatment, B{V is less affected by the dependence of

M; across individuals and retains the usual rate \/n.

Now I show the asymptotic normality of the IV estimators B“’. I focus on the regimes

where the IV estimators are consistent. Define VY, = Var (3", Z;u;), the variance of the

num

numerator of the centered estimator 6” — (. It can be shown that

> E(uf) " B(u) 0
™3 Bu) Ty Bu}) T(1—m) Y 3 E (AP uu )
Vium = i=1j=1
0 W(l—ﬂ)ZZE(AZreuzuj) 1—7‘(‘ ZE ( pre .
i=1 j=1 =

(13)

The (2,3), (3,2) and (3, 3) elements of V¥ in (13) account for the dependence of Z*" across

num

1, even though wu; is i.i.d.. Let ;" denote the residual from the IV fits with Z;. Define Vv

num
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as the plug-in estimator of V :

S (a2 ™ 3o (i)? 0

=1 =1
VIV I Z(ﬁiv)z n Z(ﬁ“?/)z 1 -7 Z Z ApreAW Iv ] (14)

num i=1 =1 i=1j=1

3

0 7T(1 _ ﬂ_) Z Z AprEAIV IV 1 - Z < preAIV)

i=1j= =1

Define V'V = (ZTX)"'V¥_(XTZ)~! as the estimator of the asymptotic variance of 5.

num
demonstrate the asymptotic normality of B“’, specifically focusing on the regimes where the

IV estimators are consistent.

Theorem 4.2. Under Assumptions 1 and 3, and with max{g?™, ¢?°**} < n~/2, then
N-1/2 J
(VW) (BW - 5) 4 N0, I5).

Theorem 4.2 establishes the asymptotic normality of the IV estimators BW using SSIV,
along with a consistent variance estimator, thereby validating inference results based on the
usual t-test. Similar to Theorem 3.2, it exhibits the property of self-normalization, which

does not require to know the sparsity parameters.

Remark 4.4. The usual HC variance estimator of IV estimators is given by yivhe —
(ZTX)'VNbe(XT 7)1 where

num

S ()2 S Ti(it)? S (a2 ZA‘“< )

=1 =1 =1 _]—
yivhe Zl Ty(4;")? Zsz(ﬂiV)z Zl Ti(u;)? Z ATy — )
num = i= = j=1

Mz

() 35 AN, —m) ST Y AT — ) () (iAzFe@—w))

=1 =1 7j=1 =1

After appropriately scaling the (3,1), (1,3), (3,2), and (2, 3) elements of Vivhe these terms

num

converge to zero. Thus, the primary differences between V¢ and VIV lie in the (2,3),

(3,2), and (3,3) terms. The variance estimator VV:h¢, designed for i.i.d. data, does not

num

account for dependencies across units induced by the SSIV Z". In contrast, V¥, captures
these dependencies, leading to more accurate variance estimation. This issue is similar to
that documented by Adao et al. (2019), who study inference in shift-share regression designs,
where regional outcomes are regressed on a weighted average of sectoral shocks using regional

sector shares as weights. They show that over-rejection arises when using cluster-robust
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standard errors because regression residuals are correlated across regions with similar sectoral

shares, regardless of their geographic location.

4.2 Modification of SSIV

I begin this subsection with a more formal explanation of the failure of relevance, offering
insights into how to modify the SSIV. To simplify the argument, consider the special case
where ¢&"® = ¢P** = ¢,,. The relevance of SSIV is measured by n~=' 7" | M; Z3"™." Recall the
decomposition that M; = ¢ + r}, where ¢; is defined in (11) and r} is the remainder term,

capturing information from all other units j # ¢. The relevance of SSIV is then given by:

1 — 1 — ] —
- MiZsSIV —_ Z.Z'SSIV - * 7SSIV.

By definition, &; is a function of 7; and w; and is uncorrelated with the treatments T}
of all other units j # 4, and thus uncorrelated with Z*"V. Consequently, the first term,
n~t 3T &Z3Y, has mean zero but a variance of order O(ng?), referred to as the noise term.
The variance increases with the sparsity parameter as the dependence of Z; across units
strengthens in denser networks. Thus, this term does not contribute to the signal in the
relevance measure but instead adds noise. In contrast, the second term, n=' 3" | r¥Z5",
where 7 contains information from all other units j, contributes to the signal in the relevance
measure and is referred to as the signal term. It has a non-zero mean and remains of constant
scale. In other words, in n=tY "  M;Z#'" | the first term contributes only noise, while the
second term carries the signal for the relevance measure. As networks become denser, the
noise term increasingly dominates the signal term, preventing the first stage from converging
to a nonzero constant and resulting in an inconsistent estimator. Therefore, restoring the
consistency of the IV estimators is feasible if the noise term can be effectively reduced while

preserving the signal term.

Remark 4.5. There is a remarkable connection between SSIV and the estimator of the
indirect effect in Li and Wager (2022), who study asymptotics for treatment effect estimation
under network interference, with the network randomly drawn from a graphon. They
consider anonymous interference, where potential outcomes depend on the fraction of treated
friends, not their identities. Unlike my setting, they assume that the network remains
unchanged following the intervention. The potential outcome for individual i is Y;(¢;,t_;) =
fi (ti, Z;”Zl Aiti/ Z?Zl Ai]->, where f; € F allows arbitrary dependence on the latent variable

"For the sake of a heuristic argument, I focus on + 37" | M;Z3" instead of the sample covariance
LS M ZEY — LS MRS Z55Y. Since the SSIV ZPY is mean zero, this simplification does not
change the essence of the argument.
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w;. They propose an estimator for the indirect effect defined in (8),

v 1 z":Yi (Zj;ﬁi ATy e Al = Tj)) |

, T l1—m
=1

which is derived as the difference between the Horvitz—Thompson estimators for direct and

total effects, and thus is unbiased. Rewriting this estimator gives

i=1 i
which implicitly uses SSIV to address endogeneity.

Here, I explain how to reduce the noise term, drawing inspiration from the PC balancing
idea in Li and Wager (2022). Ideally, the term + """ | &Z" could be eliminated by adjusting
the SSIV to be the residual from the projection of Z>*" onto &;, leveraging the orthogonality
property. However, since &; is unknown, the noise term %Z?:l & Z; can instead be reduced
by projecting w; out of Z;, thereby decreasing the noise while preserving the relevance signal
from other units j. Although w; is unobserved, its information can be extracted through
spectral analysis of the graphon.

To be more specific, let GP* denote the graphon matrix, where the (4, j) element is given

pre

bre. 1 express it

by Gy = gP°(wi, w;). By performing eigenvalue decomposition of gi*G
as gP eGP = Y1 Niibr T, where \f represents the k-th largest eigenvalue of PGP, 1
assume that the graphon is approximately low-rank, as formalized in Assumption 4, meaning
it can be well-approximated by the leading r terms: qgreégre = Nk *T. 1 project Z;

onto the first r eigenvectors, {1} (w;)},_;, with the coefficients:

Yo = ZQpZ(wi)ZfSIv7 forall k=1,---,r,

i=1

which follows from the orthogonality of eigenvectors. The residual from this projection yields
the “oracle version” of the modified SSIV: ZP™ = Z3W — 3™ 4 (w;). For a feasible
estimatior, I approximate ¢} (w;) using the eigenvector of pre-intervention adjacency matrix,
Apre = S Npt)) . Therefore, the modified SSIV, denoted as ZP® (for “denoised”), is
given by:

7% = 27 = 3 A
k=1

where 4, = Y ", Qﬂk(wi)Zfsw. By the properties of projection, the modified SSIV ZP* is

orthogonal to the space spanned by {t(w;)};_,, which encodes information about w;. This
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effectively reduces noise without compromising the signal.
In the network literature, particularly in settings involving inference with eigenvectors
(Cai, 2022; Le and Li, 2022; Li and Wager, 2022), it is widely assumed that the graphon is

low-rank in terms of its eigenfunctions, such that
g(wi, wy) = Mty (wi) by (w;) (15)
k=1

where E [¢%(w;)] = 1 and E [t (w;)¢(w;)] = 0 for k # . This assumption is satisfied by
many well-known network models, including the stochastic block model (Holland et al., 1983)
and the random dot product graph (Young and Scheinerman, 2007; Athreya et al., 2017).
Another popular model is the latent space model (Hoff et al., 2002), which falls within the
class of inhomogeneous Erdés—Rényi models, including the homophily model and the beta
model. The latent space model and the more general graphon models typically do not impose
a low-rank structure as in (15), but instead rely on certain smoothness conditions for the
graphon function. This paper assumes that the graphon gP*® can be well-approximated by a

low-rank representation based on its eigenvalues, as outlined in Assumption 4.
Assumption 4. There exists some constant 7 (r < n) such that

i A — A = ngPre;
(a) ke{lr{%}g_l}( k= k1) X gy

(b) [y Mt ||, = Or(a2™).

Assumption 4(a) requires the minimum eigen-gap, i.e., the spacing between an eigenvalue
and the rest of the spectrum, to be sufficiently large. Several papers propose eigenvector
estimators that are robust to small eigen-gaps. For example, Cheng et al. (2021) tackle
eigenvector estimation for low-rank matrices with small eigen-gaps and noisy observations,
and Li et al. (2022) focus on estimating linear functionals of unknown eigenvectors under
similarly tight eigen-gap conditions. While these robust estimators could potentially extend
my methods to such settings, doing so is beyond the scope of this paper. Assumption 4(b) is
analogous to the sparsity assumption in high-dimensional analysis, which assumes that only a
small subset of features (variables) significantly contribute to the outcome. This assumption
enables more efficient estimation and prediction in models with a large number of features,
possibly exceeding the number of observations (Tibshirani, 1996).

To estimate §’s, I propose the IV fits with the modified IV vector ZZDE

z" =T, Z77).
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Stack ZP® to form the n x 3 matrix Z°F. Let 3P denote the vector of the coefficients obtained
from the above IV fit.

Theorem 4.3. Suppose ¢2*° > bglolgo—g /n. Under Assumptions 1, 3 and 4,

(a) if Var (&) > 0 with max{¢P™, ¢®*=*} < \/qh", then

ADE o max{qgre’ anSt} .
5 - /6 - OP < \/W )

(b) if Var (&) = 0, it holds that BIDE — B = Op <\/iﬁ> Moreover, with max{¢b™®, ¢?*'} <

\/qr', then

max qpre7 QEOSt R max qgr67 anSt
o = Op (RMET BT g e, — o (RRMETET))
Vi Ve

To make the modified SSIV work, it requires precise estimation of the eigenvectors, which

becomes problematic when the network is too sparse (Alt et al., 2021; Benaych-Georges et al.,
2019, 2020). Despite this added requirement, loglago—gn)/ n is much sparser than the threshold
at which SSIV fails, n=1/2. As a result, the consistency regime of the modified SSIV overlaps

with that of SSIV, while also extending to the regime where SSIV becomes inconsistent.
Remark 4.6. To clarify the condition max{g™, ¢2>'} < /¢h'°, I discuss it in two cases:

(1) if g2 < ¢P***, then max{g™, ¢®*'} < \/gn " holds under /gn" > ¢2°*", saying that the
pre-intervention network can not be too sparse compared with the post-intervention

network;
(2) if gB™® = ¢P**, then max{qP™, g2} < \/qn © holds under ¢2*° < 1.

The modified SSIV cannot be extended to the case where both pre- and post-intervention
networks are dense. In such a case, one potential solution is to use the matching method
from Auerbach (2022b) if some regularity assumption holds, e.g., M; has sufficient variation

when controlling for w;.

Corollary 4.2 simplifies the results in Theorem 4.3 under the special case ¢°** = gPr.

Corollary 4.2. Suppose 2" = ¢P™ - bgblgo—g /n. Under Assumptions 1, 3 and 4, then

(a) if Var (&) > 0 with /g™ = g2, then 3" — 8 = O (\/pt—:e),
q
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(b) if Var (&) = 0, it holds that " — 8, = Op <\/Lﬁ) Moreover, with v/gn © = ¢, then

~ post A post
e~ o= Or (5 ) and g - 5 = O ().

Aligning with Corollary 4.1, Corollary 4.2 demonstrates that under Case (a), the conver-

gence rate of B depends on the sparse parameters and is (possibly) slower than the usual rate
V1, but faster than the IV estimators using SSIV, which converge at the rate 1/(1/ngt>").
In Case (b), I also find that when the post-intervention network AP°* is conditionally mean
independent of the treatment, B‘fE is less affected by the dependency of M; across ¢ and
retains the usual rate \/n. Meanwhile, the convergence rates of BgE and BQDE are (possibly)

slower than /n.

Remark 4.7. One takeaway from this subsection is that the discussion on the relevance
condition of SSIV sheds light on other forms of mediators. Specifically, if a mediator can be
decomposed into two parts, M; = & +r], where §; contains only unit ¢’s own information, then
& introduces noise that potentially weakens relevance. The proposed denoising procedure

has the potential to restore consistency.

Now I show the asymptotic normality of 3°". Define pr = >0 whi(w;) and nf =
w; — Yoy fipr(w;). Define VB = Var (2?21 ZZ‘?Eui), the variance of the numerator of the

estimation bias (6° — ). We can show

E(uf) > mE(uf) 0
i=1 i=1
VPE = TEw?) > wE(u?) 0 , (16)
i=1 i=1
0 0 w-m L3 E (A )
i=1j=

By comparing V7 in (13) with V¥ in (16), I observe that the (3,2) and (2, 3) terms in (16)
are zero, whereas they are non-zero in (13). Additionally, the (3,3) term in (13) accounts
for the covariance component, while the (3,3) term in (16) accounts only for the diagonal
component. This modification effectively reduces noise by mitigating the dependency of the
IV across units due to information from w;.

Let 42" denote the residual from the TV fits with ZP®. Define i = S 4Py, and
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n=ur—=>" ﬂ%zﬁm Define the plug-in estimator of V! " as

num

S(@m Y ()’ 0

i=1 =1
VEE = | myo(af®)? w o (a)F)? 0
=1 =1
0 0 (1 —m) zl ZlAg’;e (7)?
1=1 9=

Define VP8 = ((Z°)TX)~1VPE (XT ZP5)~1 a5 the variance estimator of 5°F.
Theorem 4.4 focuses on the sparsity regimes under which the IV estimators BDE are

consistent.

Theorem 4.4. Suppose ¢-™ > % /n. Under Assumptions 1, 3 and 4, and with

max{gP™, g2} < \/qn'*, then
N-1/2 . p
(WE) (5“ _ 5) N0, I).

Theorem 4.4 demonstrates the asymptotic normality of the IV estimators BDE using the
modified SSIV, and the consistency of the variance estimator, which together validates the
inference results based on the usual ¢ test. While comparing the asymptotic variances of B“’
and " is not straightforward, simulation results in Section 5.2 indicate that, in the regimes
where both SSIV and modified SSIV yield consistent estimators, using the modified SSIV

does not increase the variance.

5 Monte Carlo Simulation

In this section, I provide simulation evidence to support my theory. I draw treatment indicator
T; S Bern(0.5). I consider the following four designs for network generation:

Design 1: Rank-3 Stochastic Block Model

¢

3/5 i B(wy) < b and d(wy) < &
1/3 if: < ®(w;) < 2and i< d(w;) < 2;

° gpre<wi’wj) _ / 3 (w) < 5 and g3 (w]) < 2
1/2 if 2 <P(w;) <1and 2 < P(w;) <14
1/5  otherwise.
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(

3/5 if B(wy(1—T))) <

5
1/3 ifi<d(wi(l-T)) <
L QPOSt(whwj)j—:ial-rj) = / 5 ( ( )) N
1/2 if 2 < ®(w;i(1 - Ty))

1/5  otherwise.

\

Design 2: Homophily Model
o g7 (wi,w;) =1 — ((w;) — D(wy)).

o P (wiyw;, T;, Tj) = 1 — ((wi)(1 = T;) — (wy) (1~ Tj))".

Design 3: Beta Model

re _ _exp(®(wi)+®(w;))
o g7 (wi,wy) = 1+eXp(<1>(wz‘)+<I>(ZUj))'

ost _exp(P(wy)+P(w;)+T;+T5+T;T5)
o 9" (wi wy, 15, T5) = 1+6Xp(q>(wi)+q)(7jﬂj)+Ti+§1j+Ti§1j).

Design 4: Homophily Model
o g (wiwy) = 1— (D(w;) — O(wy))™.
o "M (wi,wy, T, Ty) = 1= (R(wy(1 = T;)) = D(uy(1 - T7)))".

For all four models, I set the diagonal elements of pre- and post-intervention networks to
zero, i.e., gP"(w;, w;) = 0 and gP** (w;, w;, T;, T;) = 0. The ranks r for these four designs are
3, 2, 2 and 2, respectively.

post

I explore the sparsity regime where ¢?™ = ¢b*** = g,,, considering different levels of sparsity.

The adjacency matrices for the pre- and post-intervention networks are generated as follows:

AYS = 1{ni; < qng™ (wiswy)}
Afﬁ“ = 1{ny < gug® (wi, w0y, T, T)) }

"y 0,1] for i < j and 7;; = n;;. Each simulated dataset has

where w; "% N(0,1) and n;;
n € {200,800} with 5,000 replications.

Table 1 reports the within-sample mean and standard error of the mediator M; for varying
levels of sparsity and sample sizes over four designs. The results for ¢, = n~! show that
Designs 1-4 maintain stable standard errors as the sample size increases. For ¢, = n~'/2, the
standard errors for Designs 1-4 decrease with sample size, with Designs 3 and 4 shrinking
at a faster rate. Finally, for g, = 1, Designs 1 and 2 maintain stable standard errors as the

sample size grows, while Designs 3 and 4 exhibit a reduction in standard errors by half when
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the sample size increases from 200 to 800. Moreover, for Designs 3 and 4, when the network
is denser, the standard errors of M; decrease, suggesting insufficient variation within the
sample and a potential issue of near collinearity when fitting linear regression. Consequently,
I use Designs 1 and 2 to represent Case (a) with non-degenerate ¢;, and Designs 3 and 4 to
represent Case (a) with constant &. Notably, both Designs 2 and 4 are homophily models,
but how treatments enter the network model differs, consequently influencing the properties

of M; and the performance of the estimators.

Table 1: M; in different designs

Design  statistics Qn
n = 200 n = 800
-1 —1/2 1 -1 —1/2 1
1 mean 0.173 0.533 0.534 | 0.174 0.536 0.535
std 0.367 0.272 0.142 | 0.369 0.208 0.137
2 mean 0.282 0.507 0.507 | 0.284 0.508 0.508
std 0.420 0.199 0.134 | 0.422 0.170 0.135
3 mean 0.282 0.521 0.522 | 0.282 0.521 0.522
std 0.419 0.155 0.020 | 0.421 0.108 0.012
4 mean 0.312 0.523 0.523 | 0.313 0.523 0.523
std 0.425 0.141 0.012 | 0.427 0.099 0.006

Note: Within-sample mean and standard deviation of M; across four designs with n € {200, 800},
gn € {n~1,n"1/2 1}, and 5,000 replications.

Section 5.1 presents the OLS estimation results without unobserved confounders, while
Section 5.2 presents the IV estimation results accounting for unobserved confounders. I omit

the results of gy for brevity.

5.1 OLS estimation

I generate the outcomes as follows:

7'1_ A?QStT'
Y; :50+517}+52M

Zn Apost +€i
=177

with (B, 81, 52) = (1,1,0.5), ¢; Y Ul—1,1] and ¢; 1L w;. Thus, there is no endogeneity

issue.

/2 The results for ¢, = n=2/3 (sparser networks)

Table 2 presents the results for ¢, = n~
and ¢, = n~'/3 (denser networks) follow similar patterns and are therefore omitted. The
top panel of Table 2 reports the results for n = 200, while the bottom panel shows the
results for n = 800. I report the mean and the standard deviation of the OLS estimators

across simulation draws under “5°%” and “std(8°)”, using AP** and AP™ to construct
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Table 2: Simulation results of OLS estimation with gP™ = g2t = n~1/2

Design S8 OLS with Apost OLS with APre
B8 std(B°%)  s.e.  coverage ‘ GO std(5°%)  coverage
n = 200
1 f1=1 1.000 0.088 0.087  0.941 1.097 0.085 0.789
B2 = 0.5 | 0.500 0.161 0.159 0.940 0.326 0.167 0.819
2 f1=1 1.000 0.092 0.091  0.946 1.093 0.083 0.796
B2 =0.5 | 0.502 0.232 0.228  0.945 | 0.409 0.275 0.937
3 b1 = 1.001 0.084 0.082 0.941 0.991 0.084 0.945
B2 = 0.5 | 0.506 0.285 0.278  0.936 | 0.412 0.255 0.935
4 f1=1 0.999 0.082 0.082  0.943 | 0.998 0.083 0.948
B2 = 0.5 | 0.500 0.292 0.288 0.940 0.435 0.277 0.943
n = 800
1 fr=1 0.999 0.047 0.046 0.945 1.095 0.042 0.360
B2 =10.5 | 0.502 0.112 0.111 0.950 0.355 0.123 0.785
2 b1 = 1.000 0.049 0.049  0.950 1.092 0.042 0.396
B2 = 0.5 | 0.500 0.146 0.143 0.945 0.415 0.198 0.929
3 f1=1 1.000 0.083 0.082  0.942 | 0.990 0.083 0.946
B2 = 0.5 | 0.496 0.481 0.466 ~ 0.936 | 0.406 0.431 0.944
4 fr=1 1.000 0.040 0.041 0.951 0.999 0.041 0.951
B2 =10.5 | 0.500 0.207 0.206  0.948 | 0.441 0.198 0.942

Note: Simulation results for the OLS estimators using AP°** and AP with n € {200,800}, ¢ = n~1/2
and 5, 000 replications.

the fraction of treated friends, respectively, in order to approximate the true value and
asymptotic standard deviation of the estimators. For the OLS fits using AP, I also report
the heteroskedastic consistent standard errors under “s.e.”; and the corresponding coverage
of 95% Confidence Intervals (Cls) under “coverage.” For the OLS fits using AP™, I report the
coverage of 95% CIs based on the corresponding heteroskedastic consistent standard error
under “coverage.”

In line with Theorem 3.1, the estimators 3 are consistent, with estimators for all four
designs concentrated around the true values. As the sample size increases from 200 to 800,
the standard deviations of Bf"s across all models decrease by approximately half, consistent
with the expected \/n convergence rate. For BgLS, the standard deviations in Designs 1 and 2
also decrease by half, whereas those in Designs 3 and 4 exhibit a slower convergence rate due
to smaller variation in M; within the sample. In line with Theorem 3.2, the coverage of the
95% CIs using the heteroskedasticity-consistent standard errors is close to the target level.

Pre to calculate the mediator variable M;, the coefficients

However, if I mistakenly use A
may be inaccurate, and the coverage can become arbitrarily poor. It is worth noting that,
for Designs 3 and 4, where the post-intervention networks have a weaker dependency on the
treatment, the estimators are not as far off, and the coverage of the Cls is better than in

Designs 1 and 2.
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5.2 IV estimation with SSIV

I generate the outcome as follows:

n post
2 Ay T

Y = Bo+ BT + Bo—=; o
> A

with (B, 51, B2) = (1,1,0.5), & B Ul—1,1] and ¢; 1L w;. Hence, the error term is u; =

(w; +€;)/2.

Tables 3 and 4 present the estimation results of IV fits using SSIV and modified SSIV
% /n and ¢, = n~'/%, respectively. For each table, the top panel reports the
results for n = 200, while the bottom panel shows the results for n = 800. The left panel

with ¢, =

presents the mean and standard deviation of the IV estimators using SSIV, along with our
estimated standard errors and the coverage of 95% ClIs across simulations, reported as “BIV”,
“std(B‘V)”, “s.e.” and “coverage”. The right panel provides the corresponding statistics for
the IV estimators using modified SSIV, reported as “BDE”, “std(BDE)”, “s.e.”, and “coverage”.

I begin with Table 3, where the network is relatively sparse. In this regime, the network
is relatively sparse, and Theorem 4.1 asserts that the SSIV estimators BW are consistent. I
observe that the estimators are concentrated around the true values. As the sample size
increases from 200 to 800, the standard deviations of B{V decrease by half, indicating a
convergence rate of v/n. However, the standard deviation of BEV shows a slower convergence
rate. In line with Theorem 4.2, the coverage of the 95% Cls using our variance estimate is
close to the target level.

Table 4 presents the results for the IV fits with ¢, = n~'/%, denser than the threshold
where SSIV remains valid. In Table 4, I also report the results with n = 1600. In line with
Theorem 4.1, I observe that BIV is no longer consistent for Designs 1 and 2; the estimators
can be arbitrarily off, and the standard deviation does not shrink as the sample size increases.
For Designs 3 and 4, Bi" remains consistent with convergence rate \/n, while BQ’ is not. By
applying the modified SSIV, I effectively project out some noise and reduce the estimation
error. The IV estimator BIDE is consistent with a convergence rate of y/n, while BQDE is consistent
with a convergence rate of 1/,/g,; the coverage of the 95% confidence intervals for both

estimators is approximately at the target level.

35



Table 3: Simulation results of IV estimation with ¢, = Lﬂ))) /n

log(log(n
Design SSIV modified SSTV
Y std(BY)  s.e.  coverage ‘ g°E  std(B"®)  s.e.  coverage
n = 200

1 b1 =1 1.001 0.083  0.089 0.950 1.001 0.083 0.087 0.950
B2 =0.5 | 0.501 0.207  0.215 0.953 0.499 0.203 0.214 0.956
2 B1=1 0.999  0.083  0.087 0.954 1.000 0.083 0.082 0.940
B2=0.5 1] 0.505 0.150  0.157 0.952 0.505 0.168 0.210 0.983
3 B1=1 0.999  0.083  0.083 0.944 0.999 0.083 0.083 0.944
B2=0.5 | 0.500  0.142  0.146 0.953 0.500 0.143 0.149 0.949

4 b1 = 1.000 0.082  0.084 0.949 1.000 0.082 0.084 0.950
B2 = 0.5 | 0.502 0.137  0.142 0.955 0.502 0.138 0.145 0.956
n = 800

1 B1=1 1.000  0.040  0.044 0.955 1.000 0.040 0.042 0.954
B2 =0.5 | 0.501 0.099  0.101 0.951 0.501 0.098 0.097 0.946
2 b1 =1 1.000  0.040  0.042 0.957 1.000 0.040 0.042 0.956
B2 =0.5 | 0.500 0.076  0.076 0.948 0.501 0.078 0.081 0.958
3 B = 1.000  0.041 0.041 0.950 1.000 0.041 0.041 0.950
B2 =0.5 ] 0.500 0.072  0.071 0.946 0.500 0.072 0.072 0.946
4 B1=1 1.000  0.041 0.041 0.950 1.000 0.041 0.041 0.950
B2 =0.5 | 0.501 0.068  0.069 0.957 0.501 0.068 0.069 0.953

Note: Simulation results for the IV estimators using SSIV and the modified SSIV with n € {200, 800},

Gn = %/n, and 5, 000 replications.

6 Empirical Application

In this section, I revisit Prina (2015), which offered access to formal savings accounts to a
random sample of poor households in 19 villages in Nepal.® 1T apply the method in this paper
to make estimations and inference on the causal effects of interest.

I now provide a more detailed description of the empirical setting of the RCT in Prina
(2015), expanding on Example 2.1. Before the introduction of savings accounts, a baseline
survey was conducted in May 2010 across 19 villages in Pokhara. All households with a female
head aged 18-55 were surveyed. Following the baseline survey, half of the female household
heads were randomly assigned to the treatment group through a public lottery between late
May and early June 2010, offering them savings accounts at the local bank. The remaining
half, in the control group, did not receive this offer. An endline survey was conducted in June
2011, after the intervention. This study analyzes a sample of 915 households that participated

in both survey waves. Both surveys collected data on household socioeconomic characteristics

8Prina (2015) conducted the RCT and collected network data but did not perform any network analysis.
Comola and Prina (2021) studied the treatment effects while accounting for network changes and revisited
Prina (2015) as an empirical illustration. Comola and Prina (2023) also revisited the RCT from Prina (2015)
and focused on dyadic-level regressions to assess the treatment’s impact on financial flows. I integrate the
panel network data released by Comola and Prina (2023) with the outcome variables from Prina (2015). The
treatment variable is available in both datasets.
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Table 4: Simulation results of IV estimation with ¢, = n=/°

Design f SSIV modified SSIV
gy std(BY) s.e. coverage ‘ B std(BP®)  s.e.  coverage
n = 200

1 f1=1 1.006  0.236 0.307 0.980 0999  0.114  0.123 0.945
B2 =0.5 | 0.455 1.501 1.584 0.950 0.514 0.452 0.522 0.974

2 B1=1 0.946  0.330 0.369 0.972 0.997  0.144  0.167 0.952
B2 =0.51] 0944  2.257 2.041 0.959 0.537  0.750  0.846 0.978

3 b= 0.999 0.085 0.090 0.939 0.999 0.084 0.088 0.940
B2 =0.5 ] 0511  0.990 1.189 0.963 0.504  0.883 1.027 0.963

4 B1=1 1.000  0.001 0.086 0.950 1.000  0.083  0.084 0.950
B2 =0.5 | 0.526 1.562 1.773 0.976 0.507 0.669 0.777 0.973

n = 800

1 f1=1 1.023 0.379 0.401 0.989 1.001 0.077 0.082 0.947
B2=0.5 10376  2.167 2.106 0.947 0.498  0.348  0.380 0.966

2 b1 = 0.879 1.380 0.453 0.973 0.998 0.092 0.103 0.953
B2 =0.5 | 1.278 8.703 2.507 0.957 0.509 0.463 0.521 0.971
3 B1 = 1.000  0.044 0.047 0.949 1.000 0.041 0.044 0.949
P2 =0.5 | 0.518  0.957 1.041 0.952 0.494 0.709 0.777 0.961
4 81 = 1.000  0.047 0.042 0.948 1.000 0.041 0.041 0.948
B2 =0.5 | 0.514 1.921 1.991 0.973 0.489 0.435 0.489 0.969

n = 1600

1 B1=1 1.018  0.907 0.908 0.990 1.000 0.068 0.071 0.944
B2 = 0.5 | 0.405 5.250 5.023 0.968 0.499 0.320 0.340 0.960
2 B1=1 0.800  2.976 3.023 0.979 0.999 0.077 0.085 0.953
B2=0.5 | 1.685 17.444 17.494 0.916 0.506 0.395 0.438 0.967
3 B1=1 1.001 0.031 0.030 0.943 1.001 0.031 0.030 0.946
B2 =0.5 | 0.507  0.876 0.903 0.958 0.499 0.579 0.615 0.958
4 f1=1 1.000  0.034 0.030 0.953 1.000 0.029 0.029 0.952
B2 =05 | 0477  2.201 2.219 0.970 0.501 0.370 0.414 0.970

Note: Simulation results for the IV estimators using SSIV and the modified SSIV with n €
{200, 800, 1600}, g, = n~1/%, and 5, 000 replications.

and informal financial transactions.

Following Comola and Prina (2023), I define financial links as transfers-loans or gifts, either
sent or received—between households, based on survey questions such as, “With whom did
you exchange loans or gifts?” The resulting networks, both pre- and post-intervention, were
sparse, with small groups and minimal clustering. Despite the total number of links remaining
stable (328 at baseline, 329 at endline), the network underwent significant reshuffling. As
shown in Example 2.1, 255 links were broken, and 256 new links formed by the endline.
Comola and Prina (2023) reported high uptake and usage of the savings accounts, with over
84% of treated households opening accounts and depositing about 8% of their baseline weekly
income nearly every week during the first year.

Table 5 presents the results of OLS estimates and IV estimators using both SSIV and

modified SSIV, across various outcomes, with corresponding standard errors shown in paren-
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theses. I also report the point estimates using the normalized SSIV, %, without
standard errors, as I do not conduct an asymptotic distribution analysis. The top panel
reports the results of household expenditures in the 30 days before the endline survey for
different categories, measured by Nepalese rupee. The expenditure categories include health,
education, festivals and ceremonies, meat and fish, fish, and other expenditures.” The bottom
panel focuses on education-related expenditures, including school fees, textbooks, uniforms,
and school supplies (e.g., pens and pencils). For these expenditures, the sample is restricted
to households with school-age children (ages 6-16). For brevity, I omit the results for g,
across the various estimation specifications.

The discrepancy between the OLS and the IV estimators using SSIV, in either the sign
of the coefficients or their significance, highlights the bias caused by endogeneity due to
unobserved confounders. The IV results using SSIV show that the treatment affects various
outcomes through different channels. In the “Fish” expenditure column, the direct effect
of access to savings accounts on fish consumption is not statistically significant, while the
indirect effect, mediated through the fraction of treated friends, is significantly positive. A
0.1 increase in the fraction of friends with access to savings accounts leads to an increase in
fish consumption by Rs. 25.29. Since the fraction of friends with access to savings accounts is
0.062 higher for the treatment group compared to the control group, this implies an additional
Rs. 15.63 in fish consumption for the treatment group. The spillover effects, from assigning
others to the treated group versus the control group, result in an increase in fish consumption
by Rs. 252.91.

For total education expenditures, as well as expenditures on textbooks and school supplies,
the direct effects of access to savings accounts are positive and significant, while the indirect
effects through fraction of treated friends are not significant. Access to free savings accounts
leads to an increase of Rs. 574.43, Rs. 223.26, and Rs. 104.47 in total education expenditure,
school textbooks, and school supplies, respectively, compared to control units, holding the
fraction of treated friends constant. Our methods effectively disentangle the direct treatment
effects from the indirect effects mediated through networks, providing a clearer understanding
of the mechanisms by which the intervention influences the outcomes of interest. Moreover,
for outcomes where B;V is not significant, the estimates BloLS and B{V are closely aligned, as
the treatment is randomly assigned and omitted variable bias is not a concern in these cases.

Furthermore, the point estimators from IV fits using SSIV and normalized SSIV are
closely aligned, demonstrating the effectiveness of both versions of SSIV. Despite the relative
sparsity of the pre-intervention network, the results from the modified SSIV show that the

point estimators are closely aligned with those from using the SSIV and normalized SSIV.

90ther expenditures include clothes and footwear, personal care items, house cleaning articles, house
maintenance, and bus and taxi fares.
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This coherence further suggests that the modification based on the estimated eigenvectors
does not introduce excessive noise into the estimation.

For the sake of comparison, Table 5 also includes the corresponding results from Prina
(2015, Tables 5 and 6).'° Prina (2015) estimated the average effect of being assigned to
the treatment group on each outcome variable, with explanatory variables including the
treatment, the baseline value of the outcome variable, and a vector of baseline characteristics.!!
The treatment indicator’s coefficient is referred to as the IT'T due to the presence of non-
compliance. Similar to the OLS results in the top panel, for outcomes where Bév in the IV
fits is not significant, the ITT estimators reported by Prina (2015) and the 81 estimators
from the IV fits are closely aligned. This alignment suggests that unobserved confounders do
not bias the estimation of the (direct) treatment effect in these cases, as the treatment is

randomly assigned.

7 Conclusion

This paper investigates the identification and inference of treatment effects in RCTs with
network interference, focusing on two key aspects: (1) unobserved confounders affecting
both network formation and outcomes, and (2) network changes induced by the intervention.
The framework demonstrates that treatment affects outcomes in two distinct ways: directly
and indirectly through changes in the network mediator. Disentangling these channels
offers deeper insights into the intervention’s mechanisms and informs more effective policy
design. This paper presents methods for the estimation and inference of causal effects in
the presence of network interference, addressing endogeneity concerns. In the absence of
endogeneity, I recommend OLS estimation using post-intervention network data. When
unobserved confounders are present, I recommend IV estimation with SSIV for relatively
sparse networks and propose a modification to SSIV for denser networks. For all estimators,
I provide consistent variance estimators for normal approximation, ensuring valid inference.
More generally, this paper highlights a concern regarding the relevance condition of SSIV as
the network becomes denser. While I focus on the mean impact of peers, the discussion of
the SSIV relevance condition and denoising modification also provides insights applicable to
other forms of mediators.

This paper opens several avenues for future research. A natural extension would be to
incorporate endogenous and correlated peer effects, along with covariates, into the linear

model. An expanding body of research highlights the importance of measuring and accounting

10Prina (2015) did not analyze the expenditure on “Fish”, so I leave the result blank.
1 Baseline characteristics include age, years of education, marital status of the account holder; number of
household members; baseline household income; and three dummies for the main source of household income.

39



Table 5: Estimation result based on data from Prina (2015)

Method I} Total Health Festivals Meat Fish Other
Expend. & Ceremonies & Fish Expend.
OLS o8 141.072 -670.366 267.112* 99.824 48.505 206.433
(1030.252) (644.920) (141.412) (96.476) (39.683) (687.006)
BSLS -39.811 -50.981 -157.612 151.700 -55.696 -277.696
(1125.085) (773.712) (119.425) (115.674) (35.796) (648.408)
SSIV v -143.459 -729.080 232.207 107.500 33.276 106.640
(1122.582) (681.558) (153.465) (106.339) (42.139) (741.432)
Aé" 5726.414 1138.892 549.756 -3.858 252.913* 1744.679
(6997.446) (4723.695) (964.534) (742.139) (150.832) (3573.983)
modified AfE -47.271 -745.607 272.332 135.879 27.030 129.909
SSIV (1130.105) (704.263) (155.618) (110.431) (42.708) (738.796)
AQDE 3777.096 1473.816 -263.414 -578.965 379.510* 1273.114
(9034.384) (6485.695) (1314.334) (962.715) (206.481) (4549.693)
normalized 51 34.099 -760.932 229.050 97.796 42.299 300.023
SSIV s 2128.082 675.746 613.734 192.805 70.062 -2174.355
Prina (2015) ITT 340.780 -290.34 248.070%* 153.600 - 49.120
(860.930) (540.710) (123.670) (87.770) - (569.010)
Total Exp. Exp. on Exp. on Exp. on Exp. on
in Education  Sch. Fees Textbooks Sch. Uniforms Sch. Supplies
OLS Job 562.276%* 137.764 246.481** 74.264 103.767**
(281.922) (162.391) (105.114) (63.945) (45.880)
BSLS 87.445 160.412 -91.316 -3.846 22.194
(336.824) (212.844) (111.511) (78.980) (56.184)
SSIV v 574.427* 183.217 223.261* 63.479 104.469**
(305.988) (180.058) (117.887) (67.727) (50.387)
Aé" -109.182 -575.128 284.441 170.681 10.823
(1318.538) (633.715) (668.099) (271.842) (223.504)
modified PE 576.798* 197.519 211.983* 64.979 100.048**
SSIV (295.529) (175.501) (114.828) (65.675) (48.519)
AzDE -147.559 -806.571 466.935 146.417 82.376
(1395.153) (718.228) (644.052) (314.866) (219.500)
normalized By 560.511 191.865 214.801 57.291 96.554
SSIV s 116.003 -715.069 421.338 270.828 138.906
Prina (2015) ITT 667.560** 224.720 213.740* 113.150%* 115.950**
(320.630) (193.600) (120.220) (65.400) (49.980)

Note: Dependent variables are expressed in Nepalese rupees (the exchange rate was roughly Rs. 70
to USD 1 during the study period). The significance level of the estimators is indicated with stars

in the usual manner: “***”

means significant at o = 10%.

means significant at o = 1%,

40

koko

means significant at o = 5%, and “*”



for network changes when evaluating the welfare impacts of policies (Carrell et al., 2013;
Jackson, 2021; Banerjee et al., 2023). While the literature extensively examines optimal
treatment assignment under interference (Baird et al., 2018; Cai et al., 2022; Viviano, 2023b,a),
the challenge of designing effective policies that account for endogenous network evolution
remains unresolved. Furthermore, my methods rely on detailed panel network data, but
relaxing this requirement to single-period or aggregated network data would be desirable

(Alidaee et al., 2020; Breza et al., 2020). I leave these questions for future research.
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Appendix for “Endogenous Interference in Randomized

Experiments”

The supplementary materials contain the following sections.

Section A gives the proofs for the identification.

Section B gives the proofs for the results of OLS estimation.

Section C gives the proofs for the results of IV estimation with SSIV.

Section D gives the proofs for the results of IV estimation with the modified SSIV.
Section E gives the proofs for the results of IV estimation with the normalized SSIV.

Section F' collects the proofs for some useful lemmas

Notation

Let N; denote the degree of unit 7 in network A, i.e., N; = Z?Zl A;j. Define go(i, j) = gP*(w;, wy)
and g1(i, j) = g°**(w;, wj, Ty, T;). Define go(k) = E(go(j, k) | wi). 1 use Q(), Qp() in the following
sense: a, = Q(by,) if a, > Ob,, for n large enough, where C is a positive constant; X,, = Qp(b,),
if for any ¢ > 0, there exists M, N > 0, s.t. P(|X,,| < Mby,) < ¢ for any n > N. Let | - |lop
denote the operator norm and || - || denote the Frobenious norm. I use “LLN”, “CMT” and

“CLT” to denote “law of large number”, “continuous mapping theorem” and “central limit

)

theorem,” respectively.

A Proof of results in Section 2

Proof of Theorem 2.1. The proof is adapted from the standard proof in the mediation analysis
(Pearl, 2001). We only prove for the discrete case, as the continuous and mixed variable cases follow

by analogous arguments. Given T_; = t_; and w; = w, we have

E [Y; (ti,Mi(t;,Tfi)) | T ,=1t_;,w; = w]
= Z E(Y; (ti, M(t5,t—3)) | My(ti,t—s) = mg, Ty = t_j, w; = w) Pr (M;(t],t—;) = my | T—; = t—j, w; = w)
m;EM
= Z E (}/Z(t“mz) ’ Mi(tgat—i) = mi7T—i =t_;,w; = w) Pr (Mi(t;,t_i) =my | T ;= t_;,w; = U))
= Z FE (Yz(tz,mz) ‘ T_i = t_i,wi = w) Pr (Mi(t;,t_i) = m; ‘ T_i = t_i,wi = w)
m;EM
= Y E(Yi(ti,ma) | wi = w) Pr (My =m; | Ty = 1, T = t_j,w; = w)
m;EM
= Z E(}/l | ﬂ :ti,Mi = my;, Wy :U))PI‘ (Ml = 1m; ‘ E :t;,T_i :t_i,wi :w)
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Taking expectations over T_; | w; = w, we have

E Y (65, My(t5,T—)) | wi = w]
- Z . Z Pr(Mi:'m,-|TZ-:ti,T_i:t_i,wi:w)Pr(T_i:t_i]wi:w)
m;EM t_;€{0,1}n—1
= Z E( i:ti,Mi:mi,wi:w)Pr(Mi:mi\Ti:t;,wi:w)
m;EM
=E{EY; | M;,T, = tj,w; =w) | T; = tj, wi =w} . (17)

i

If ti = t;, we have F D/l (ti,Mi(ti,T_i)) | w; = U}] = E(YZ | rfl = ti,wi = w)
By (17), with ¢; = t; and T_; = t,,—1 and given w; = w, we have

EY; (ti, M;(ti, th—1)) | w; = w]
=E{E(Y; | M;,T; =tj,w; =w) | T; = t;,T_; = tp_1,w; = w}.

Now we are ready to show the results. Define DE(t;; w) as the conditional direct effect with T; = ¢;
and w; = w, IE(t;; w) as the conditional indirect effect with T; = ¢; and w; = w, ToE(w) as the
conditional total effect with w; = w, and SE(¢;; w) as the conditional spillover effect with T; = t;
and w; = w. We only show t; = 0 since the results of ¢; = 1 follow from analogous arguments. By
(17), we can show that

DE(0;w) = E[Y;(1, M;(0,T-;)) = Y; (0, M;(0,T-;)) | wi = w]
= E{EY; | M;,T; =1l,wi=w) | T; =0,w; =w} - EY; | T; =0,w; =w),
IE(0;w) = EY; (0, M;(1,T-;)) = Yi (0, M;(0, 7)) | wi = w]
= E{E(Y; | M;,T; =0,w; =w) |1 =lLw;=w} — E(Y; | T; = 0,w; = w),
ToE(w) = E[Y; (1, M;(1,T-;)) — Y; (0, M;(0, T—3)) | w; = w]
= B(Yi|Ti = Lw =w) — E(Y; | T; = 0,w; = w),
SE(ti;w) = E[Y; (i, Mi(ti, T—; = 1n—1)) = Yi (ti, Mi(ts, T—i = Op—1)) | wi = w]

= E[E(Y; | M;,Ti =ti,w; =w) | T; =t;,T—; = 1n_1,w; = w]|
—EBEY; | M;,T; =ti,w; =w) | T; = t;,T_; = 0p—1,w; = w].
The desired result follows from marginalizing over the distribution of w. O

Proof of Corollary 2.1. We only prove for the discrete case, as the continuous and mixed variable
cases follow by analogous arguments. Under Assumption 3 and combing with Theorem 2.1, the

conditional DE equals

ZﬁlPr i =m; | T, =0,w; =w) = f,

m;EM
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and thus DE = 51 by marginalizing over the distribution of w. The conditional IE equals

E(w) = Y (Bo+ Bami + Aw)) {Pr(M; = m; | T = 1,w; = w) — Pr(M; = m; | T; = 0,w; = w)}
m;EM

=62 {E(M; | T; =1L, w; = w) — E(M; | T; = 0,w; = w)}.
Therefore, IE = 5 - {E(M; | T; = 1) — E(M; | T; = 0)}. The conditional ToE equals

ToE(w) =E(Y; | T; = 1L, w; = w) — E(Y; | T; = 0,w; = w)

Z {(B1 + Bam;) - Pr(M; =m; | T; = 1,w; = w) — Bom; - Pr(M; =m; | T; = 0,w; = w)}
m;eEM

=1+ B {EM; | T, = 1w =w) — E(M; | T; = 0,w; =w)}.
Therefore, ToE = 51 + 2 - {E(M; | T; = 1) — E(M; | T; = 0)}. The conditional SE equals

E{E(YHMZ-,TZ-:ti,wi:w)|Ti:ti,T_i:1n_1,wi:w}

_E{E(E’M%E:tlawzzw)’T‘z:tl?T—Zzon—l)wl:w}

= 5 Z m; [Pr(M; =m; | T, =t;,T—; = 1p—1,wi =w) —Pr(M; =m; | T; = t;, T—; = Op—1, w; = w)]
m,; EM

= 52 . {E(Mz ’ TZ = ti,T,i = 1n,1,wi = ’LU) — E(M,L | T’l = t,T,i = On,l,wi = w)}

SE(t;;w) =

Therefore, SE(tl) = 52 . {E(Ml | rfl = ti,T_i = 1n—1) - .E(.Z\4Z | rfl = ti,T_i = On—l)}-

B Proof of results in Section 3.3

Denote by z; = 253, APy and g = 253, AP, With the second-order Taylor

expansion of M; at the conditional mean of (z;,y;):
0; = (B(AZ™ T | Thywi), B(A™ | Tiywy) )
we have M; =& + ro; + r1,; where

E(APOStT | Ty, w;)
(A?f“ | T;, w;)

5 =

and

B(APT) | Ty w) 1 APt

Apost
T0,i = Z ’ - =
T BEAY [ Tow) =1 \ BAYYT [ Tow)  BAYR | T, w)
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1 1 t t t t
= G E TR | & (AT~ BUASTT T ) 3 (A5 = BAR™ | o)
P\ i i
2

29*(1:) 1 ot »
G T | O (A - BT | i)
J#

for some 0 = (07 (x),0;(y)) between 0; and (x;,v;). Note that & is either a function of T;
and w;, making it i.i.d. across units and independent of n, or it equals 7= when APt is

conditionally independent of T'. To simplify notations, define
t t
AT - AP
B(AYST, | Tyow)  E(AY™ | Ty, wi)
Uij = AUy — B(AGST; | T, wy),

Wij = A = B(AR™ | T, wi).

By definition, we have
E(Rij ‘ Ti,wi) = O,E(Uz'j | Ti,wi) = 0, and E(Wij ‘ Ti,wi) =0.

Therefore, we can rewrite the remainder terms as

1
ro; = fimZRiky

ki
o szzk 207 (z ) 1 UaWa 207 (x)
e n—122< 0 ()? )*m—w%( o2 oy
k£l

Define y,, ; = E(r1; | T;, w;). By direct algebra, we can show that

1 Ulkwlk 29*(1’) ) 1
iy = E|- Wi | Ti, w; 1
s = 7B (g + a1 Tows) =0 (e e

Then we can decompose M; as M; = & + pir, i + 70, + (r1,; — firy,i), Where the last two terms

are mean zero.

B.1 Auxiliary Lemmas

Lemma B.1. Under Assumptions 1, we have

n
i=1 i=1 ny/ gh%"

o4



1 o 1o 1
= TM == Ti(& + i) + Op | —— (21)
n — n — post
=1 =1 nA/ gn
lzn:M?:lzn:(f-Jru )2+ E ((rog + 1 — pri)?) + O L (22)
n 4 i n 4 7 1,0 K 12 1,0 P post
=1 =1 n \/ dn
Proof of Lemma B.1. See proof in Section F.2. O

Lemma B.2. If A = Op(n) with = o(1), and A converges in probability to a finite and invertible
matrix, then (A + A)~t — A1 = Op(p).

Proof of Lemma B.2. This is Lemma A5 in Su and Ding (2021), which is useful for deriving the
probability limit of the inverse of a matrix. With A = op(1), we have A + A = A + op(1). Because
A converges in probability to a finite and invertible matrix, (A + A)™! = A=! 4 0p(1). Li and Ding
(2020, Lemma A10) stated that

A+A) AT =ATIAA+A)TIATL —ATTAA T

which implies
(A+A)~" =A™ = Op(1)0p(1) Op(1) = Op(p).
O

Lemma B.3. Define a; as an i.i.d. random variable with nonzero mean and constant variance.

Under Assumption 1, then

1< 1
n > ai(roi+ 71— e g) = Op (23)

=1 n /qgost
1 1

1 " 2 2
n ;(To,i +rig—prg) = E ((To,i + 71— i) ) + Op (\/ﬁanOSt> + Op <n> . (24)

Proof of Lemma B.3. See proof in Section F.3. 0

B.2 Consistency

To establish the consistency of the OLS estimates 3° = (X TX)"1(XTY), we first show the
probability limit of (X TX)~1.

Theorem B.1. Assume Assumptions 1 and 3.

%)



Case (a): Define

1 1 T &+ oy
A==> | T T; Ty(& + b, i)
FELNG + pri TG+ pe) (&4 pri)? + E((rog + 71 — pryi)?)

Then XTX = A+ Op (W%) and thus (X' X)™!1 = E(A)~! + Op <ﬁ)

Case (b): We show that

where

aly = 7B ((E+ ) — (B (Ti(€+ i) + 7E ((rog + 71, — pryi)?)

ajy = —wVar(py, ;) — 7E ((ro; + 715 — pr,i)?)
aj3 = —m(L=m)E &+ pryi)

asy = Var(uy ;) + E ((rog +rii— pri)°)

az; = (1 —m).

Proof of Theorem B.1. We prove the results under Cases (a) and (b), respectively.

Case (a): In this case, &; is a function of T; and w; with constant variance. It suffices to show

that X T X converges in probability to a finite and invertible matrix. As we show in Lemma B.1,

XTX =A+0p

1
N 9
n /qgost

where A converges in probability to a finite and invertible matrix E(A). By Lemma B.2 and CMT,
we have (X TX)™! = (E(A)~! + op(1).

Case (b): In this case, we have constant & = &. The probability limit of X " X, denoted by F(A),

is not invertible, and therefore Lemma B.2 cannot be applied. Thus, we first derive the closed form
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of (XTX)~™!, then show the probability limit. By direct algebra, the closed form of (X T X)™!

ail a2 a3

xTx) =1
( ) —m a2 a2 a3
a1z a23 as3
where
1< 1< ’
o= (32n) (G2) - (R
= 1nM 1nT~M 1nT 1nM2
aljp = TZZZI 7 nzzl iVl | T nzzl ? nzzl %
a3 = —(i%}n)(i%}ﬂ—szO
1 " 1_” ’
a2y = <n;ME>_<n;MI>
1< 1< 1 ¢
n n 2
- ()-8
and

det(XTX) = ass3agy — CL§3.

We show the probability limits of the terms in (25) one by one.
(1) ai1: With constant £ and by Lemma B.1, we expand a;; into:

() () ()

- <7r + Op (\/15» E (&4 pir,0)%) + E ((rog + 16 — pry1)?) + Op

1

post
ny b

2
1

post
n\/ qn

— (77 + Op (%)) E((€+ pri0)?) + E ((rog + 15 — pryi)?) + Op

_ (E (Ty(& + pir, ) + Op (;5))

| BTE + i) + O (}) 0

1

post
nyfa
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1
:Cﬁl +O]P> <\/ﬁ> .

(2) aj2: With constant £ and by Lemma B.1, we have

1< 1< 1< I~
aiz = EZM’L EszMz - Ele EzMz
=1 =1 =1 =1
1< 1 « 1 « 1< 1 « 1<
= (n Z;Tiﬂrl,i - Tﬁ z;url,i> - z;/irl,in Z;Tiﬂrl,i - Tﬁ z;ufl,i - Tﬁ Z(To,i L = i)’
1= 1= 1= 1= 1=

i1
1 — e 1
+¢& <n ZlTi(To,i = i) — -~ 21 Tiﬁ Zl(ro,i +r— Mm,z‘))
7 1=

1 — 1 & 1 — 1 «
+ - z; Frvi z;Tz‘(To,z‘ + i — i) + - Z;(Tﬁ,i +ryi— Mrl,i); z; Tipir, i
1= 1= 1= 1=

1 < 1 13
+ E ;(To,i + 1,4 — Hrl,i)ﬁ ;Ti(rovi + 14 — ,uhﬂ-) — QTE ;#rhi(ro’i + T, — ,urhi)
1= 1= 1=

1
n /qgost

(3) a13. By Lemma B.1, we have

:a>{2 + O[P

a3 = — <7r + Op <\/17l>> <E((1 —T5) (& + piry ) + Op (\/15» =aj; + Op <\}ﬁ> . (27

(4) azz. With constant £ and by Lemma B.1, we have

() (4]

i=1
1o 1 @ g
2
T Lt T <n Z Hroi |+ 3 Z@"OJ L )
=1 =1 =1
2 & 2 & 1 1 ¢ i
+ o Z; Pory i (T0 + 7156 — ey i) — n z; Mm,z’ﬁ Z;(To,i + 11— ) — <n Z;(To,i + 71— Mn,i>>
i= 1= = =

1 & 1 & S 1
2 2
== e il =) (roi 1 — pe i)+ Op | ——————
- 'E_ fry i (n E_ fhr ) . 'E_ (ro,i + 71,4 = Hryi) P\ o o
i=1 i=1 i=1 n"qn  \/4n

1
=a3+0p | —— | . 28
22 P <\/ﬁnq£ost> ( )
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5) ass. With constant £ and by Lemma B.1, we have
(5) y ,
1 o 1 — 1 o
i=1 i=1 =1

1 — 1 <& 1 X
= (n Zﬂ) (nZMn,z) - (nZTiMn,i)
=1 =1 i=1
1 — 1 & 1 &
+ <n X;Tl) ( Z(m,z + 71— /Mm)) - (n ZTi(TO,i +ri;— /J,Thi))
1=

3

i=1 i=1
1
=0p | —— (29)
n /qEOS
(6) ags. By the i.i.d. treatment and CLT, we have asz = a33 + Op (ﬁ)
(7) det(X " X). By combining (28) and (29), the denominator of (25) is
T 2 * ok 1 . - 1
det(X X) = a33a922 — CL23 = a33a22 + O]P W Wlth a33a22 = W

L]

Proof of Theorem 3.1. We prove the results under Cases (a) and (b), respectively.
Case (a): By Theorem B.1, (X" X)™! = (E(A))~! 4 op(1), which is Op(1). By Lemma B.3,

1§M 1§n(g+ )+1§( + ) Op [ —=
- = — ) N 4+ — o 4y — Ny = .
n £ iUg n i T My i) UG n 0,i 1,0 — Mry,i)Us P \/ﬁ

=1 =1

With i.i.d. data, we have
1 Z” 1 1 Z“ 1
ni:lu OP(W) o ne= ! OP(W)

Together with Theorem B.1 and CMT, this completes the proof that 3% — 8 = Op (ﬁ)
Case (b): We prove by the closed form of o1 — 3. By direct algebra, we have

aga e Yoy (T; — T)ui + agsz > iy (M — M)u;

QOLS B = n

! det(XTX) ’
AOLS _ By = a32% > i (Ti - T)u; + a33% > i (M — M)u;
2 det(XTX) ’

B =0 = = (39— BT - (38— f)I.
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With i.i.d. data, we have

1< _ 1

— T, —T)u; =0p | — | .
220D =0r ()

It remains to show 1 3" | (M; — M)u;. By (19) and Lemma B.3, we can show that

1 & 1 & 1 — 1 —
- Z(Mz‘ = Mu; =— Zum,ﬂti - Zﬂrhiﬁ Zuz
=1 i=1 i=1 =1
1 — 1 — 1 —
+ o Z(To,z’ + 71— i) U — o Z(To,z‘ +rig — ,U/rl,i)g z;uz
1=

i=1 i=1

1
n /qgost

By combining these results and Theorem B.1, we have

=0p

BOLS — B :CLQQ% 2 i (T — T)u; + @23% D i (M — M)u;
' det(XTX)

(10 (=) 02 () + 0r (=) 00 ()

(1 —m)ad, + Op (\/ﬁnlqﬁost)
1
- (%)

BSLS — By :a23% Z?:l(Tl - T)ul + a33% Z?:I(Mi - M)UZ
det(X T X)

o (m/f;*) O (&) + (x1—m) + 08 (L)) Os (n ;)
(1 —m)ad, + Op (\/ﬁnlqgost>

:OIP ( /qgost) )
Therefore, it follows that

I — = — (39— BT — (35" — )1 = 0s (™)

Thus, we complete the proof.

and
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B.3 Asymptotic normality

To prove the asymptotic normality of the OLS estimators in Theorem 3.2, we divide the proof

Post 1 and when the network is with bounded degree ngh®™" = 1.

into two cases: when ngr,
For the former case, we show that 1 3" | M;u; can be approximated by the average of i.i.d.
variables and then apply the Lindeberg-Lévy CLT. For the latter case, we establish the CLT
with weak dependence in Theorem B.2, which makes uses of the proof of Theorem 3.5 in
Ross (2011) and is the unconditional version of Theorem 4 in Leung (2020).

Let Hy,..., H, be real-valued random variables. Define the indicator of dependency as
Dijzl{A +maxA Ak]+1{l—j}>0} (30)

where ¢ € {pre, post}. In words, two units are dependent if they are directly connected, share
at least one common friend, or refer to the same index. An n x n binary symmetric matrix D
with (4, j)th element being D;; is a dependency graph on H if for any two disjoint subsets
I, I, C{1,...,n}, we have {H; :i € I} 1L {H; : i € I} conditional on the event that D;; =0
for all i € I; and j € I. By construction, D;; =1 for all s.

Define S; = {j : Dij = 1} and S; = |Si| = }_j_; Dy;. Define o7 = Var (37| H;). Let (D%);
denote the (7, j)th entry of the third matrix power of D.

Theorem B.2 (CLT for local dependence). Under the following assumptions, o, !> | H; L\
N(0,1) as n — oc:

(a) on =O(n);
(b) max; E [|H;|*] = O(1);
(¢) ' 300 S =op(v/n), n ' 300 8P = op(n), and n™' 35, 30 (D?)i; = op(n).

Proof of Theorem B.2. For any two random variables U, V' with respective probability laws p(-) and

v(-), define their Wasserstein distance as

vv) = [ st [ swante

where F = {f :R—=R:|f(z) — f(y)| < |x — y|}. The convergence of A(U, V) implies convergence
of the Kolmogorov metric distance between U and V (see e.g. Ross (2011, Proposition 1.2)), which,

in turn, implies weak convergence. Thus, the theorem holds if

( ZH“N (0, 1)) 2.

=1
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The distance is bounded above by

( EHZ,/\/'01> ZE

=1

2
[..ﬂ

1/2

which is op(1) under Assumptions (a)-(c).

We verify Assumption (c¢) in Theorem B.2 when ng? =< 1 for ¢ € {pre, post}.

Lemma B.4. Suppose ng’ =<1 for ¢ € {pre, post}. Then

(1) 5 2071 S7 = oe(v/n), (i) 3 Yo7y SF = op(n), and (i) 5 321y 32;4(D%)ij = op(n).

Proof of Lemma B.J. For (i), we bound it in L; norm:

E(lzn:53> <E lz ZA +ZZA
ni:l nz 1 \j=1 j= 1k7éj

2
n

<p|ly ZA +2E% S5 A4
k#j

i=1 \j= i=1 \j=1

where

2

Z ZA ZE ZA +ZZA Ao | < Cingd + Can*(g3)? < C

11 = J=1 k#j

and by the AM-GM inequality, the second term is bounded above by

2

%Z DD ARAy | | = *Z D AR Y ARAL, | <On'(@)t<C
i=1

i=1 \Jj=1k#j (J1,k1) (Jz2,k2)
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For (ii), we bound it in L; norm:

3
E(izsf’) <E % ZA +ZAka
i=1 =1
n n 3 n 3
<4E %Z > A | | +4E % > AAL
=1 \j=1 =1 (4,k)

By analogous argument to showing (i), we have for the first term

3
n n n
1 T O A0 AC
B ZA% - E Z £ ZA Z AUIAUQ Z AZJlAlhAUs < c
Jj=1 i=1 Jj=1 (91,42) (J1,72:33)
J1#Jj2 all distinct
and for the second term,
3
1 n
—D B || Do ARAy ZE S A Ak > AALL Y AR AL, | <C.
i=1 (Jvk) (J17k ) (J%kl) (.?Jka)
J#k Ji1#ky JaFke Ja#ks

For (iii), by definition, we have
n
(D*)ij = > (D*)iDij = Y DaDyDi;

k=1 (k,0)

where for ¢ # I, we have D; < Af, 4+ maxj, A5, A}, Then

% > (DY = Z > ) DuDiDy,

i=1 j#i =1 j#i (k)
dyyy (4 e 45,47 ) (A + g A ) (48, + 7).
i=1 j#i (k)

Expanding the brackets involves four cases, depending on whether the individuals are directly
connected or connected through a common friend. We only show one case as other cases follow from

analogous arguments. For the case where they are all connected through a common friend, we have
1 n
- Z Z Z E [(m}z}x AthZl) (m}z;x Athzk) (m}z;x AzhAzj>]

1

S22 D BLAGAL) (A Al (A0, A7) < Onla))® <

i=1 j#i (k,l) (h1,h2,hs)
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By combining these four cases, we can show that £ > Z#i(D?’)ij = op(\/n).

Proof of Theorem 3.2. We complete the proof in three steps.

Step 1: asymptotic normality. To obtain our desired result, we first show that > " | Xju;,

the numerator of 5 — 3, converges to a normal distribution with asymptotic variance

VOLS = Var

num —

T i E(uf) T iy E(UZZ) doic E(TzMzug) . (31)

n Z?:l E(“?) T Z?:l E(UZZ) Z?:l E(Mzuf)
Z?:l E(MZU?) Z?:l E(TzMzu?) Z?:l E(Mi2u12)

We divide the proof into two cases.

post

Case 1: ng, ~ = 1. By Taylor expansion and Lemma B.3,

n

1
- Z Miu; = Z(& ey )i =D (10 11— o)

i=1 i=1

1 — 1 1
== iui + O +0p | ———
niz;f P(fnqp05t> : NG

anOSt
1 & 1
=- 2;52“1 + op <\/ﬁ> : (32)
1=

It implies that 2 " | Mju; can be approximated by i Z? 1 &u;, which is the average of i.i.d.
random variables, with a small noise op ( f) Define b = f S (ug, Tiug, &u;) T By the Cramer—
Wold theorem and Lindeberg—Lévy CLT, we can show that

Var(b) ™26 % N(0, I5).
With ngh® > 1, we have E[(ro; + 14 — fir,.)?] = o(1), and thus

E(uf) mE(u7) E(&)E(u3)

Var(h) = | wB(uw)  wB@d)  B(T&EW) | = Ve + o).
BE)E(w?) B(TE)E(W?)  BE)B(ud)

SN SN

u;
u
Together with (32), the CLT follows:

(Vi) ™2 (ZXm) S N, I).

Case 2: nquSt = 1. It suffices to verify the assumptions in Theorem B.2. Assumption (a) follows
from V2% = O(1) and (b) follows from Assumption 3 and boundedness of T; and M;. Assumption

(c) follows from applying Lemma B.4 to AP°*'. Then by Theorem B.2 and Cramer—Wold device, we
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can show
(VoLs)~1/2 (ZXU) 4 N(0,13) .

Step 2: consistent variance estimator. We show that * (Vn?lﬁfl Vo) = op(1l). We only

show the convergence of 1 3% | MZ(a9"%)? to E(M?u?) since the remaining terms follow from
similar arguments and we omit them for brevity. Notice that 49" = u; — (3o — )T X; and

OIS — B = op(1). By expanding the square, we have

7ZM2 GOISY2 == ZMQ 2 iMiQUi(BOLs —B)TXi‘F ing ((BOLS —5)TXi)2- (33)

i=1 [ i=1
For the first term of (33), we have

n n

2 & 1
- Z MPu; == Z(& + i) U + n 2(& iy ) (P04 T1i — fhey )] + - > (roi+rii = pry i)
=

=1 =1

1 1
>—|—OJP>

f n /QEOSt

=E ((& + pry0)°u?) + E ((rog + r1i — pry i) uy) + Op <
=B(Muf) + op(1)
by Lemma B.3. For the second term of (33), we have

1O A 1o
; ZMizui</30LS - l@)TXZ OLS Z MQUZ OLS Z M2T’U,Z OLS 2)E Z lesuz
i=1 =1

By the bounded support of M;, we can show that

1 n 2 1 n 1 n C
2 : 2 : _7\[4 2 : § : M
=1 =1

i=1 j#i

and it implies that % Yo Mful Op ( f) By applying analogous arguments to the other terms
and with 5°8 — 8 = op(1), we can show that

1 ;
- > MPui(B° - )T X; = op(1).
i=1
For the last term of (33), we have

1< ; 2 1 ¢
E ZME ((ﬂOLS _ B)TX1> <3 [ OLs ZM2 OL&, ZTMQ OL&, 2)2g ZMZ4
i=1 1=1
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which is op(1) by the bounded support of M; and OIS — 3 = op(1). By combining these results, we

can show that
7ZM2 OLS _ (M2 2)+OIP’(1)

Step 3: Steps 1-2 and CMT together imply the desired result:
2 n
(vn?;i) (Z Xu) 4 N0, I3).
i=1

By Theorem B.1, we have shown the probability limit of (X" X)~!. Then together with CMT, we

can show that

(7o) 5o ) 4 weo, 1)

C Proof of results in Section 4.1

C.1 Auxiliary Lemmas

Define ¢; as an i.i.d. random variable with constant variance. Define the conditional
AP g,
[ q%rc w]’].

Lemma C.1. Under Assumptions 1 and 3,

expectation Q?’ =F

n

J L 1 1
E : 5 _ ¢
e > 75V g, = - E (T; — m)Q; + Op <\/ﬁ quﬁ) . (34)

i=1
Proof of Lemma C.1. By reordering the index, we have

n n

nz(}zre Z ZESIV(bi - n2 pre Z Z Apre % Z(Tj pre Z Agre(ﬁz

i=1 i=1 j#i j=1 i#]

pre

Note that, for fixed j, given wy, AqJbe are i.i.d.. Then we have

2
1 AP, 1 AP 4.
E Z ijrfl - Q? = E Z{:)rfz - Qf
n—1 Py qn n—1 qn
1 AV o7 - C
(n—1)gn"* an | T (n=1Dan*
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We complete the proof by showing that

1 o 1 i
B G 2= m) | e 2 AT 0= Q)
i=1 T
1 « 1 2 C
_ ¢
_EZW(]_—TF)E WZAZreqbl_Q] SW
=1 " n
O
Lemma C.2. Under Assumption 1, we have
1 - ssiv B2 (roi + 110 — b)) 1
2 ; M;Z™Y = i + Op 7)) (35)
Proof of Lemma C.2. See proof in Section F.4. O

Now we analyze L 3" (Z85V — Z55WV)(M; — M), which measures the relevance of the SSIV.

Lemma C.3. Under Assumptions 1 and 3, then

miﬂ{q,’i‘"eyqy‘lm}) ( a4 ) : N — -
OIP’ ( qgost + OIP’ \/ﬁqg%t lf V&I"(fz) Oa

Op (MMELAETY) 4 Op (Vigh™) if Var(g) > 0.

1o
E Z(ZZSSW o beIV)(Mi o M) —
=1

Proof of Lemma C.3. We can rewrite it as

n

1~ s v L .
=X VM = ZFVM == 3 ZENV (& ) — 25 = Y (& p
->.7 ”Zl SSV(E + iy ) =D (&t )

i=1 =1
n

1 — _ 1
+ E z; ZESIV(TO,i + T — Mﬁﬂ') - ZSSIV% Z;(To’i + 7T — er,z')-
1= 1=

By the argument in the proof of Lemma C.2 (see (92) for details), we show that

1 s N e
n D 2N (roi+ 1 — i) = BLZPY (ros 4+ 1 — piri)] + O (ﬁ%"“)

i=1
where o bost
: pr p
min-, g ,q
E [Z'LSSIV(TO,i + 1,4 — /J“Tl,l')] = { Z)ost = }
dn
By Lemma C.1 and Lemma B.3, we can show that
1 n nqpre 1 qpre
—~ n n
785V Z(Toﬂ' +rii— Mrl,i) =0Op ( ) Op| ———| =0p
n im1 \/ﬁ n /QEOSt /anOSt
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For the sum of the first two terms, we consider Cases (a) and (b), respectively.

Case (a) By Lemma C.1, we have

lzn:Zssw(f- 4 ) o ZSSIVl zn:(g 4 ) =0 (\/ﬁ pre)
n 4 - i i T My n i T Hry i P qn ) -
1=

=1

Case (b) By Lemma C.1 and recall (19), we have

1 @ 1 & 1 @ 1 @& e
- ZSSIV (¢ N 7SSV . ) — = 788V L 7SSV — 0 n )
z S (e ) n;@zwm z sV, PINE P( A

To conclude,

. Op (%) + O (ﬁq) it Var(&) = 0;

1 & ‘ _
= (Z = 75V (M; — M) = T el
n-= Op (W) + Op (vng, )  if Var(&) > 0.

C.2 Consistency

Define the matrix

1 0
p¥=|o0o1 o
00 Lo
ngn
The closed form of (DYZT X)~! is
bi1 b bis
DIVZTX -1 _ 1 36
n = det(DVZTX) ba1 bz bas (36)

b31 b32 b33

where

b1z = a3
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1 1«
n . .
1=
1 1 — 1 <
by = I M.zsswv | _ | = M, o 78IV
22 <n2q£re; 144 ) (n; z) <n2qgreiz: 7 )

bas = a3

(%)

1 < 1
b32 = - <n2q5re ZTZ'ZiSSIV> + <n2q£re iZZiSSW>

b31

i=1 1
bss = ass
and
det(ZTX) = b3zbgy — b3obag.
Define b3, = E[Z““é;%rj“vi)] = nmax{q}”,q"‘”} Below, we show the probability limit of
(DyZTx)™"

Theorem C.1. Under Assumption 1, then

Case (a):
b5,  —mbiy ais
Sl B, —Co(Tui ) | +Or ()
—1 0 0 m(l—m) .
(D;IVZTX> — 01 O (ﬁ) ;
Case (b):
b5y + Op (%) mb3g + Op (\}) aiz + Op <ﬁ>
AT S
R W 0 I € v B R ),

Proof of Theorem C.1. By Lemma C.1, we can show that

n n

]' SSIV _1
W ZZi ~n Z(Tz - mE

i=1 i=1

pre

4+ Os (W) — 0s <\}ﬁ> e

qpre | Wy
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1 < 1 & 0o 1 1
e > LiZEY == (T, - Ut lwi| +0p | — == | =0s—=). (38
e 2 T2 = 2 & O\ G ) T\ )

Then we analyze terms in (36) individually.
(1): b11. By Lemma B.1 and Lemma C.2, we have

1 @ 1 < ‘ 1 1 &
b1 = (nZTz> (TLQqTLiZIMiZESIV> _ (nZZITZM’> (nzqnileiZissw>

(00 (1)) (0 (25)) - (s 0 () o ()
— 7y + Op (%) |

(2): bi2. By Lemma B.1 and Lemma C.2, we have

1 < y 1 —
bo=| 55 > TZV| =) M;| -
o= (S ) (im) - (Fxr

(st ) (1356 m0) - (nz
noi=1

i=1

Q/
/N
3
M
'U
Fé
@
+
=
j
N
@
=
N———

1 & 1 o I 1 &
o me DT ) =Y roi i — i) | = | 2D T ) | g D (o 7 — e i) 27
a5 i= i n

i=1

- (00 (35)) 0 (25) - (r+0r () son ()

1

(3): b13. By (27), we have shown bj3 = aj5 + Op (ﬁ)
(4): ba1. By Lemma B.1 and Lemma C.2, we can show

1 "~ 1 n
bo1 = ( ZTZ> ( SUPRE ZMZSSW> (rﬁq?fe Z ZESW> ( ZTM)
i=1
1 1
( ) ( 7 Z &Zssw> (TLqure Z ZiSSIV> ( ZT@)
i=1
n . n .
< Tz) ( pre Z #n,zZSSIV> (ngqgre > ZZSSIV) (n > Tmm,z)
i i=1 i=1 i=1

1
1 n
Tz) e To,i+T1,i —,url,i)ZiSSIv> + ( 20 ZZ%W> (n Ti(roi + 11 — Hr1,1)>
1=1 %
1 E[ZSSIV(TOz—i-TlZ — Ur z)] 1 1 1
+0p | — : =4 0p | = | +O0p | —— | Op | —=
<7T P(f)) < ngn' "\Vn ’ = WD
n
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1
:—’ﬂ'b;z‘f'O]P’ <\/’ﬁ> .

(5): bs31. By analogous argument to (38), we can show that

by — (;ZT> (nép ZEZZ.SSIV> B (:L ZTz) <nQ;pZ Z)
3 ) =1 =1
" » 1
( ZT) ( 2 pre;<1—ﬂ>ZsSIV> 0 (=)

(6): bs2. By Lemma C.1, we have

1 O 1 &
b32 = - ( 2 pre ZTZSSIV) ( 2qpre ZZSSIV> <Tl ZE)
i=1 i
1

i=1
n n 1 n
(nz pre Z -7 ZSSIV) + <n2qgre Z ZESIV) <n Z(T’ N 7T)>
i=1 i=1 i=1
+0<1>0 (1>—0 _ (39)
ﬁm ﬂ” i) T\ vavig )
(7): b3sz. b3z = 7T(1 — 7'(') + Op (%)
We consider Cases (a) and (b) for the remaining terms, respectively.
Case (a) (1): bye. By Lemma C.3, we have
. 1
b22 == b22 + OIP % . (40)
(2): bas. By Lemma B.1, we can show
b Cov(T;,& + )+ O ! (41)
= —Cov(Li, & + fry i —= -
23 Hory, P Jn

(3): det(Z T X). By combining (39), (40) and (41), we have

det(Z " X) = bszbas — bsabas

~(s-m+0r (1)) (v 0 () - (ot 00 () ) 0n (e

— (1 —7) ;2+op<\}ﬁ>.
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Case (b) (1): bys. By Lemma C.3, we have

" 1
bee = b22 + Op <\/»nqpost> :

o
(3): det(Z " X). By combining (39), (42) and (29), we have

(2): bag. By (29), we have shown beg = Op <IDM>

det(Z " X) = bzboy — bsabos

- (romrv0n (Go)) (v or () o () o

" 1
= ﬂ-(l - 71-)b22 + Op (\fnqpost> :

Proof of Theorem 4.1. By direct algebra, the closed form of the IV estimators 3" is

bgg% ZZ 1(T T)uz + 623 pre Z?_l(ZiSSW — ZSSIV)ui

—h = b3zboo — 532523 ’
8 — b3 gz Doy (25 = Z5WV )y + bga e S0 (Ty — T
> b33boo — b32bos ’
— By = —Zuz BT — (BY — B2)M

By Lemma C.1, we can show that

1
W ZZ Zssw - Z

By combining (37) and (43), we can show that

1 . SSIV 7SSV _ ]'
5 pre Z(Zz —-Z )ul = O]P’ % .

ngn i=1

With i.i.d. data, we also have

igul = Op <\/16> and ;g(n — T)u; = Op (\}ﬁ) _
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Case (a) By Theorem C.1, we can conclude that

8, — baz s iy (T = Tui + bas rgre 2oy (255 — 29V )y
b b33boo — b3abog

(5400 (35)) 0 (3h) = (-Contrt 401 (35)) 00 (5
m(1 = b, + Op (=)
15205 (&) + (~Cov(Tis &+ pin, 1)) Os (22) + 0p (1)
m(1 = ms, + Op ()

and
5, = b3 rgmre Dot (255 = Z5 )u; + baa gy 2oy (Th — T
2T b3zbaa — b32bas
_ 1 1
- (1 =m)+ 0 () 0 (J5) + O (mﬁnqgm> ac)
(1 —m)b5y + Op (ﬁ)

(1—7T)O]p> (\f)_FOP( )

w(1 — )by + Op (ﬁ)
Recall b}, < W Therefore, 31 and BY are consistent when max{¢5", gh>} < f with

Ai\/ —p1 = Op (\/ﬁmax{qgr87 QnOSt}) and Bév — B2 = Op (\/ﬁmax{qgre, QHOSt}) :

The consistency of 3 follows when max{gh'™®, ¢h>"} < ﬁ with

3 — Bo = Op (Vnmax{ql™, q7>'}) .
Case (b): By Theorem C.1, for I — 3, we have

b22% Zzbzl(Tz - T)Uz + 523@ Z;}Zl(zissw - ZSSIV)ui

b33baa — b3abas

(140 ) O (36) +0r (i) o (3)
(1 —m)bdy, + Op (

~p =

)
b320p (\f) +Op (V#) Or (ﬁ)
(1 —7)bdy + Op (W) ‘
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Therefore, 51¥ is consistent when max{gh", g8} < v/ngh*™ with

R 1 max pre7 post
Ilv_/Bl — Op | — max {an ,an } 1

\/’Tl post ’
\ dn

For Bév — B2, we have

bag e o0y (Z85Y = Z5V)u; + byp L Y0 (T3 — T

basbaz — bazbas

(-7 + 02 () 0+ (35) + 0 () ()
7(1 — m)bsy + Op (

7(1 =m0 () + 0r ()

m(1 = b3y + Op (ke )

qn

Y =

1
\/ﬁanOSt )

5 . . t _ . . .
Therefore, 35 is consistent when max{gh, gh°*"} < n~/2, with estimation error

Y — By = Op (Vnmax{qE™,¢?>'}).

The consistency of 3} follows when max{gh'™®, ¢o>"} < n~1/2 with

3~ o = O (Vinmax{ah™, ¢2™}) .

Proof of Corollary 4.1. Corollary 4.1 is a direct result of Theorem 4.1 under ¢5™¢ < ¢5°".

C.3 Asymptotic normality
Below we prove the asymptotic distribution when the estimators are consistent.
Proof of Theorem 4.2. We complete the proof in three steps.
Step 1: asymptotic normality. We prove the asymptotic normality of the numerator:
1< 1< .
D}rzvﬁ Z ZZ"LLZ' = ﬁ Z Tiui
=1 =1 ZiSSIvui/(nqgre)

Analogous to Theorem 3.2, we divide the proof into two cases.
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Case 1: ngp, - = 1. By (43), we have shown that

n n

1 1
—5 pre Z Zu; = — Z(Tz —-mE
ngn n

i=1 i=1

pre_ .
ij Ui
pre |
n

1
+0p | —F—= | .
’ (ﬁ\/nq};re>

which can be approximated by the average of i.i.d. random variable with a small error op < f) Then

the asymptotic normality of DIV =Y iy Ziu; follows from standard argument using Cramer—Wold
theorem and Lindeberg-Lévy CLT.

Case 2: ngy, - = 1. It suffices to verify the assumptions in Theorem B.2. Assumption (a) follows

from VIV = O(n). Assumption (b) follows from Lemma B.1. Assumption (c) follows from applying

num
Lemma B.4 to AP*® with ngh © < 1. Then by Theorem B.2 and Cramer-Wold device, we can show

(Vv y~1/2 <Zzu> 4 N(0,T5).

Step 2: consistent variance estimator. We show that

DY (Vi = Vi ) DA = 00(1).
Recall that 4} = u; — (BIV — )T X;. We show the consistency of the variance estimators one by one.

(1): The cons1stency of (1,1)th element of VIV By expanding the square,

num

IV _ I\ ) l - AV . 2
*Z - Zu _*Zuzﬁ TXz+n;((ﬁ B)TXz) .

First, by LLN, we have %Z?:l u? = E(u?) + op(1). Second, with BV — = op(1), we have

. 1 n A 1 n . 1 n
Z (8"~ =( év—ﬁo)n;UiJr( iv—ﬁl)n;TiuiJr( év—ﬁz)n;MiuiZOP(l)

Third,
1 - ATV T 2 1 . ATV 2
gZ((ﬁ - B) Xz’) :;Z((o — Bo) + (B = BT + (BY — B2) M, >
i=1 i=1
<3 [( 3 — Bo)® + (B — ZT + @)2% ZME] = op(1)
i=1

where the last equality follows from the bounded support of T; and M;, and 3V — 8 = op(1).
Therefore, it implies that

n

LS (a2 = % S 2 + op(1) = E(u?) + op(1).
=1

n -
=1
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(2): The consistency of (3,3)th element of V'Y, . By definition,

2 2
¢ e, RS re
.. ZAP ATV _ EZ ZAP ( BIV ﬁ) )
Jj=1 i#j =1 1#£]
2 2
ZApre 61\/

_l n ZA?;GUZ' % ZApre ZApre BIV
7] J=1 \i#j

J=1 \i#j Gl
(44)

<.
3

3\*—‘

For the first term of (44), the expectation is

2

1< 1<

=Sl DO RTE I S D BN D PR AT Z AP AR wguy | | = (nghr®)?. (45)
=1 \i#j (i,k)

=1 \izj

.

The variance is
2

1 n
Var - Z pre ; = Var Z Z Apre 24 Z ApreApreuZuk

J=1 \i#j J T \i#j

= Var 1 Xn: pre 2 + Var | — Z Z ApreApreu U

= n i Wk
Jj=1 z#a J 1\ (5,k)

1 < 1<
eacor (130 L (S apaga

" j=1 i#£j " Jj=1 (ka)

— Z Z Var (A?jreu?) i? Z Z Cov (Apreu2 Apre ) Z Cov Z Apre 2 Z AP up
=4 =1 (k) (k) 75 2k
o S5 Var (AT AR u) + LS S Cov (Amartu
J=1 (i,k) J=1 (i,k)#(h,m)
iz Z ov Z AP A g, Z ADS AP g | + 2%00\/ Z Z AV u? Z Z AP A uuy,
(J1,72) (3,k) (3,k) " Jj=1 i#j J=1 (i,k)
Z Cov (Apreu2 A u ) 3 Z Z Cov (Af;eu?,Afgeu?)

1 e 1 —
722 r(apea?) + 53
j=1 7& J=1 (i,k) (4,k) i#j,k

+ " E Z Var (Aﬁ’jeAi;euiuQ + 2 ; . k% )Cov (AfjreAgge Ui, ApreApreuhum>

re re
Ap AY uhum>

J=1 (,k)
1
pre ,pre . pre ,pre, = pre 2 .pre spre
+ﬁ > D, Cov (Ahlekjluluk’AizjzAkj2uZuk>+2n2 > Cov <Aij u;, AN A uzuk)
(j17j2) (ilvi%k) (ivjvkvl)

n® ()"
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Therefore,

i J=1 \i#j

For the second term of (44),

72 ZApre ZApre BW

J=1 \i#j i#]
1 « 1«
WIS (T aru T ) ool S (Sapu S Ay
i=1 \i#i i#] i=1 \i#j i#j
c kS [ Y aw
= ] i#j
A 1 ” 1
<|Bv _ - Apre Apre v - Apre
SERIES DD + 1> =D DY
Jj=1 i#£] i#£] Jj=1 i#£]
2 2
+ 132 = Bal Z D AT |+ | DoAY,
=1 | \i# i)
By analogous arguments to (45), we can show that
2 2

72 > AP | = Op ((ng8®)?) and — Z > AT | = Op ((ngh

J=1 \i#j ]1 i#]

by bounding them in L norm. Also, by the bounded support of M;, we have

2 2
1 n
- pre - pre pre
BI\SD | AM: | | <E Z DA | < Cna
Jj=1 \i#j J 1\ i#]
which implies that
2

1 n

S| 2o ATM; | =0e ((na2)?) .

=1 \i#i

With consistent estimators that A%V — 8 = op(1), we can show that
n
S (S ) (Sarer-o7x) o)
i=1 \izj i+

7

pre 2 Z Z Agreul =F (1pre)2 Z Z AAfjeuZ + Op <

Z Apre

(47)

(48)

(49)



For the third term of (44),

2 2
11 - pre/ H1v T 21 - pre
3n DAY -8 X ) <( )’ DAY
i=1 \i#i i=1 \i#i
2 2
I (Sarn) vy —mrly (S
n n
J=1 \i#j J=1 \i#j
Together with (47), (48) and 3" — 3 = op(1), we have
2
mzz D ANBY -8 = Op(1)ox(1) = op(1) (50)
J=1 \i#j
Thus, (46), (49) and (50) together imply that
2 2
re ~ 1 & re
Pre 2 Z Z Ap IV = (nqpre)2 Z 2 Z Ap + Op(l)‘
Jj=1 i#£]

Jj=1 \i#j

(3): The consistency of (2,3) element of V.Y, . By decomposition,

72214% v 5 IV _ ZZApre( ﬁw 8)T ) ( (Blv _5)TXj)

=1 j;éz 1=1 j#i
TX + = ZZApre BIV TXi(BIV_B)TXj-

*ZZApreUzUj ZZApreul IBIV
i=1 j#i

i=1 j#i i=1 j#i
(51)

For the first term of (51), the expectation is

ZZﬁ%w:<ww

i=1 j#i

and the variance is

Z Z Apreuzuj = Z Var Z Apreuzuj Z Cov Z Apreuzuj, Z Ag;eukuj
(4,k) J#i J#k

i=1 j#i J#i
1 < ) ) )
=3 Z Z Var (Afjeuz ) 3 Z Z Cov (Afjeuiuj, Afkeuiuk)
J#Z = 1 ]’k)
1 1
—2 Z Z Cov (A%reuiuj,AZ;euku» + 3 Z Cov (Ag’;euiuj,Azlreukul)
(0.k) j7i.k (5.9) 7 (k,0)
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— % zn:ZVar (A%reuiuj) 2 Z Z Cov (Ap eulu],A 1 uluk) + —2 Z Z Cov ( i ulquAk] Ukug)

i=1 j#i ik) j#i.k
< C1gh® + Ca(ngh©)gh'™ = O (n(gh™) ) :

Therefore,
1
pre Z Z A%reuiuj 2 pre Z Z E [A?;euiuj'] + O]P (ﬁ) . (52)
i=1 j#i i=1 j#i
For the second term of (51),

_ Z Z Apre’u,z BIV )TXj

i=1 j#i

KGR D W AT C I DR R SR> I

21]752 7,1]757, 11];&1

It suffices to show that + > Y., AV u; X; = Op(ngh'®). We bound these terms in Ly norm.
First,

2 2
E Z > AP, = % i E > A, +— Z E > AR w | [ D Ay,
=1 j#i i=1 J#i (4,9) k#i k#j
— % iE ZApre 2 + Z AZrleAZr: 2 + 72 Z E Z Z Apre A?Zjuj
i=1 J#i (41.J2) (4,9) kvt ka#j

< Clqpre i CQTL( pre) + Cg(nqzre)Z’

which implies that

0 ZZA"‘“e e (ngh™).

1=1 j#i
Second,
2 n 2
1 1

Pl (L) | = L3 e | (Saran) |+ LY e | (S ] (S agwm

i=1 i=1 J#i (i.9) ki k]

1 n

- | (S S A, )|+ S| S 5 AT, A

i=1 J#1 (J1.32) (4,9) kit ko #j

S| (s | 2 A 4
1=1

J#i (J1,J2) (4,9) ki#i ka#j
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< Clqpre + 02(nqgre) pre + Cg(nqgre)Q’

which implies that
LSS A = 0 (nafr).
i=1 j#i
By analogous argument, we can show that
LS > = 0 (natr).
i=1 j#i
In particular, this implies that with consistent estimates, we have
e Z D AP (B — B) T X = op(1). (53)
=1 j#i
For the last term of (52), it is bounded above by

Ly S (-0 x) (-0 x,)

i=1 j#i

=c ZZAW[ Bo)* + (B = B1)*Ti + (BY — B2)* M7 (54)

1=1 j#i

by symmetric. We bound each term in L; norm:

Z Z AL =0 (ng)) and E Z Z AYCT; | = O (ngh").

=1 j#i =1 j#i
Also, by the boundedness of M;, we have
1
) ILIEVITAES 3) Syt eerre)
i=1 j#i i=1 j#i

Therefore,
- ZZApre ( Ay _ 8)7 Z) <(31v _ B)TX]') = Op (ngf™) . (55)

i=1 j#i

Thus, (52), (53) and (55) together imply that with consistent estimators, we have

pre Z Z Apre AIV IV = pre Z Z E [A?;euiuj} +op(1).

i=1 j#i i=1 j#i
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Step 3 Steps 1-2 and CMT together imply the desired result:
. -1/2 [ &
(Vi) (Z Zu> 4 N(0, I3).
i=1

By Theorem C.1, we have shown the probability limit of Z' X. By CMT again, we can show

()7 (87 - 8) & (0.1,

D Proof of results in Section 4.2

D.1 Useful lemmas

By eigenvalue decomposition, we have ¢h °GR™ = >_7_, A\ivrTr. In Assumption 4, we assume
that the graphon is approximately low rank, i.e., can be approximated by the r leading terms

gReGR = S0 Aipr Tk We show that eigenvectors of AP™, (4y)7_,, is close to (v})P_,.

logn
loglogn

1/4
() 147 g GR N, = Os (Vod™ (efi) )

Lemma D.1. Suppose g, > /n. Under Assumptions 1 and 4, we have

(2) HApre _ qgreégre

1/4
_ pre 1
=0 (Vo= (i)™,

Proof of Lemma D.1. We first show result (1). This is analogous to Lemma 25 in Li and Wager
(2022). Suppose g, © = log(n)/n. By Theorem 5.2 in Lei and Rinaldo (2015) with d = ngh, °, there
exists some constant C' such that || AP — g2 GH*||op < C\/ngh™ with probability approaching to
1. Suppose instead —2" /n < g7 < log(n)/n. By Corollary 3.3 in Benaych-Georges et al. (2020),

loglogn
[ logn
2 _ pre
€ loglogn/(nqn )7

we have that with probability approaching to 1,

we can show that by setting their

loglogn

1 1/4
HApre _ qEreGgreHop S k /nqgre <0gn) ,

where k is a universal constant. For result (2), by triangle inequality, we have

pre _ _preypre pre __ o ypre
| ave - gprec e — G

< [JAP = g G o + 0
op

op
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> Nvr T

k=r+1

— || APTe _ gPre(gpre +
” dn n ||0p loglogn

_0s (W( log >”4>.

op

Lemma D.2. Suppose ¢h ¢ >~ lolgign/n. Under Assumptions 1 and 4, for k € {1,--- ,r}, then

@) o= 3] = 0 (vl (ckez) ")

(2) A = Qp (ngh).

Proof of Lemma D.2. This is analogous to Lemma 27 in Li and Wager (2022). For (1), by Weyl’s
Inequality,

A 1 1/4
‘)\k _ )\z S ||Apre _ qgreGE/reHo — O]P) /nqgre ﬂ
p loglogn
by Lemma D.1. The result (2) follows from (1) and Assumption 4(a). O

Below we recall the statement of the Davis—-Kahan theorem as given in Yu et al. (2015).

Lemma D.3 (Theorem 2 in Yu et al. (2015)). Let ¥ and ¥ € RP*? be symmetric, with eigen-
values A\ > ... > A, and 5\1 > ... > j\p, respectively. Fix 1 <t < s < p and assume that
min (A—1 — A, As — Ag1) > 0 where we define A\g = 0o and A\,11 = —00. Let d =s—t+1, and let

V = (v, V441, . ..,0s) € RP*? and V= (D¢, D441, .., 0s) € RP*? have orthonormal columns satisfying
Yvj = A\jv; and f]@j = Xj@j for j =t¢,t4+1,...,s. Then there exists an orthogonal matrix O € Rixd
such that
g 22 min (@215 = Sllop, 15 = Zle )
VO =Vlr < (56)

min ()\tfl - )\t, )\S - )\3+1)

Specifically, let V'V = 01 DO, be the singular value decomposition of V'V, then O is
constructed by taking O = 0,0, .

pre

Lemma D.4. Suppose ¢h'® > —&n

loglogn

/n. Let ¥ denote the vector of ¢} (w;). There exists an 7 x r
orthogonal matrix R, where 7 is defined in Assumption 4, such that if we write Uf = ¥R, and let
1&5 be the k-th column of ¥F for k < r, then under Assumptions 1 and 4, we have

logn

W) (9F - vi) =0e ( w/(nqz’%) forl=1-.n (57)

Proof of Lemma D.4. We largely follow the proof of Lemma 8 in Li and Wager (2022). By applying
(56) to ¥ and U*, and together with Lemma D.1 and Lemma D.3, we get that there exists an r x r

orthogonal matrix R such that

_0 1 logn 174 (58)
pT V/ng® \loglogn '
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Define U2 = UR. Let 1&{3 be the k-th column of U# and Yy be the k-th column of U*. Then we

have

|oF - i

1 logn 1/4
] 5

For | < r, we will show that H(\II*)T (@R - \I/*) is small. Note that the construction of O in (56)

A A~ F

ensures that (VO)TV is symmetric, ie., (VO)TV = 0,0 0,DOJ = 0,D0] . This implies that
cNT
<\IIR) U* is symmetric. By definition,

VO - V|2 =tr (OTVTVO WOV -VTVO + VTv) — 2tr(I, — D).

~ T
If we write (\I/R> U* = Oy DyOy, then by (58), we have

T 2 1 1
F ngn loglogn
Note that
(w7 (\TIR _ \Il) — ()T GR g, = (Oq,D\pog _ Ir> .
Therefore,

2

o (52w

F loglogn

tar((om(ﬁ —fr)Q)ztr(wq,—fT)?):op ( E" /(nqzre>)

It implies that for any k,l € {1,...,7}, we have

T (7R ) 1 logn
(1/}1) <1/}k: - wk) = Op <nq5re \/ loglogn) .

For | > r, we have (wl")T (\TIR — \IJ*) = (wl*)T UE by orthogonality. Note that

(O

where A, is the r x r diagonal matrix with ;\1, e 5\r on its diagonal. We complete the proof by
bounding H(l/)l*)T @TATRH Note that

W) WA R= ()T ATCUR = (4]) " AT
= ()T (AP — greGR™) W+ (97) T gRreCRTeu R
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= ()" (AP = g Gy ) (B — ) + () (AP - gpeah) .
The first term can be easily bounded by

|y (aree - apece) (98 - wr)

‘\i/f?—\p;t

< I 4 = aireane]|

logn
=Or < log logn) ’ (60)

where the last inequality follows from Lemma D.1 and (58). For the second term, we rewrite it in

the summation form:

()T (AP = g GE™) wi = (v)T (AP = g GEr) i + () (Z Y w:;%z) Vi

h=r+1

Z wiwzj (A%re 7[A)Llregpre(wi?wj)) .
(4,9),i7#]

As Af;e ’s are independent given w, we have

2
B wivi; (AN - aai.)
(4.4),i#7

=2 z |:71Z)lz ¢k]) (A%re a5 go(, )] 2 E|:¢Iz ?l)k]) a5 go (7, J)}
(4,9)1#7 (4,9),1#7

<2g2°E | Y (i) (vi)?] < CaBe (61)
(4,3),1#]

Combining (60) and (61), we can show that H(wl")—r U, AR
that A, = Qp (ngh™®) for k < r. Thus

) =Op ( 1o§ign)- Lemma D.2 shows

logn g
P( loglogn/( ))

iy ™ 97 = |[wi " k| = || @) A RRTA R

It implies that for any k € {1,...,r} and [ > r, we have

wi)" (9F - i) =oﬂ»< 0BT )) (62)

log logn
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logn
loglogn

/n. Define 1&,? as in Lemma D.4. Under Assumptions 1 and 4,

— Op logn '
loglogn

Proof of Lemma D.5. By decomposing the target expression:

Lemma D.5. Suppose g, < >~

| 4w (98 - vz)

e (68 = wi) | < [Jatrecinre (1%3 —up)||+ || (4re = arecn) (98— vi) |
< HZ N (OF — i) || + || 4 - arecre|| |[oF - i
-or(| )
by Lemma D.4, Lemma D.1 and (59). O

Lemma D.6. Suppose ¢, © = bg)ign/n. Define R and U® as in Lemma D.4 and 4% = RT4. Under

Assumptions 1 and 4, we have

T T
> Atk =Y Ak and 4ff = Op (ngi™).
k=1

Proof of Lemma D.6. We follow the proof of Lemma 29 in Li and Wager (2022). The first result
holds by construction. Recall the closed form of 4y:

Zz 1¢kzZSSIV _ _Z¢ Zssw

Y =
Zl 1wkz i=1

Multiply R on both hand side, we can obtain

Z GEZEY = =3 w25 = 3 (B — vi(w)) 2.
=1

=1

For the first term of fAy,f, we bound it in Lo norm:

2 2
(Z wk ZSSIV) — E Z 7,[);:- (wZ)Apre ( o 7_[_)
(4,9),1#]
=B ) (@ —m)? [ D en(wi) AR+ ) g (wi, )i (wi, ) AP AP
| i=1 i=1 (i1 ,i2)
=E | (1, —7) Zw: (wi)? g2 g0 (i, ) + Y Wi (wi, )i (wi,)aBgo (i, ) a2 go iz, )
_j:l (41,32)
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=K

Z (T — 77)2 (Z bii(wi)*qR g0 (i, j) Z Vi (wi,) T/’k(ww))\kwk(wu)1/’k(w3))\k1/’k(w22)¢k(wa))]
j=1 i=1 (i1,i2)
(=7 Y E[i(wi) g go(i, §)] + w1 —7) (Ap)°
(4,9)i#]
< Cingl™ + Co(ngh')?.

This implies that

n

S wi(w) ZE = Op (ng?). (63)

=1

For the second term of 44, we bound it in Ly norm:

)

J=1 i#]

(1 — ) [Z (Z A (9F -y w»)) ] —r(l—m)E [Hw (9F - vi(w)) ]ﬂ

i#£]

0% logn
loglogn

by Lemma D.5. Therefore,

> (98— viw) 2 = O < o™ ) . (64)

i—1 loglogn
Combining (63) and (64), we get 347 = Op (ngh"). =

Define ¢; as any i.i.d. random variable with constant variance. Define uzk =301 oatp(w;)

and nf =¢i— Y py ui,w}‘;(wi)- By definition, we have

PIULACHEDD (cm - Zui,lwﬂwi)) i (w;) = 0.
=1

i=1 =1

Also, ¢, = Op(y/n) which follows by

E((an ) ((Z@%) ) _i (¢2 % +ZE ¢zwlz¢]wl]) ( )

(4,9)
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logn
loglogn

Lemma D.7. Suppose ¢, < >~ /n. Under Assumptions 1 and 4, we have

I =, e . & 1 o= s
SOZN +b)bi = D 2!+ op (VART). (65)
=1

=1

Proof of Lemma D.7. We rewrite it as

% Z(ZiSSIV + 31) :L Z (ZSSIV + Z 7kwkz> ¢z
i=1

=1

:% Z: (Zissw + Z: %@kz) (Z Mﬁ}ﬂﬁ(wi) + 77?)
- Z (Zssw + Z%fw’“) nd + — Z,un l Z <Zssw Alfqz)fji) (qpl*(wl) — zﬁff)
k=1

=51+ .59,

where the last to second inequality holds by the construction of 4. For the first part of Sy,
Sp=2

=¥ Zfswnf, the expectation is zero, and the variance is

Var(Si1) = Var | — Z Z AY(T,

=1 j#i

Z Var (Apre —m)n ) E Cov (Apre - 77)17?, A?Z-re(Ti - W)nf)
(Z,J) i#j (w) i#j
+—5 Y. Cov (Apf (T; — m)nd, AP (T, — p)nj’) + % 3" Cov (Ap (T — m)f, AV (T — )

(4,5,k) (4,,k)
all distinct all distinct

Z Cov (Apre — 71')77Z CAYS(T —p)n ¢)

(4,,k,0)
all distinct

S° Var (AZE(T; - ) = 0 ().

n
(4.5),i#7

where by construction, we have

Z Cov (Ap (T — m)n? AR (T — W)nk>

(4,9,k)
all distinct

) SR 3 ST (o )3 ) 3 ) =0
j=1

Li=11l=1 i=1 k=1

Therefore, S11 = Op (W)

For S1p = 2577, (22:1 %Elﬁ,ﬁ-) n;b, we span 77;ZS onto the subspace of {¢}}_, as 775) =
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S i (w;) with Yo7 af = n. By the property of > i 1/1k(w1) = 0 for k < r, we have
ap = uﬁ i for & <r. Thus, 77? =>4 by (w;). We bound the term in Ly norm:

n 2
( S e (9 wz>) ]
l=r+1

E [ > anar, (v WF —vD) (v (OF - w,’;))]

(ll,l2)>7‘

E (Zn?wﬁ;—w;’;(wi)))
=1

B[ Y af (s - 0D)’

Li=r+1

B logn gore
=Op n< 1oglogn/( ))

and thus
i N 1 [ logn
DR k() — g
;:1 n; (@Z’kzz wk(wz)) (fqpre log logn> :

ro.oon . ~R M
I B SRS W B [z (8 — ()
k=1 i=1 i= i=1

2

Therefore,

logn
=Op ( log logn/n>

by Lemma D.4 and Lemma D.6. For Sy, we have
1 — " r
= Z “2,1 Z (%*(w%) - @Z}l}iz) (Zz‘ssw + %f%ﬁ) = So1 + S22.
=1 i=1 k=1

For S51, we have

s n n

S = S0l S (0t wn) — 9fF) 25 = 130 ST - ) S (v ) — 0fF) AT
=1 =1

=1 j=1 i=1
logn
=Or ( log 10gn/n> '

For Ss9, we have

3

s =2 300, 3 ()~ 8) (5098 = £33l 3 (v - ) it
=1 =1

k=1

For each fixed pair of (k,1), we have

Zn: (W (wi) — ¢lz) Ui =

=1

(vt i) ot

= (o = o) " (8 = i) + (w1 = 08) i
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< oi = o i - ot + (v - i) "ot = 0

logn pre
( oplo! (19" >)

by (59) and Lemma D.4. Therefore,

Vn logn logn
S O pre O pre O N X
2 < n ’ loglogn/( ) g log logn/n
Thus, S11 is the leading term Op(\/¢h ©), and

%Z(Zzssw + Sz)¢z _ Tllzzssw + op (\/qgﬁ) )
=1

=1

O]

Define puy, ) = 370 (ro,i + 11,6 — pry )k (wi) and nf = (ro,; + 713 — firy i) — Dpey My V5 (wi).

Lemma D.8. Suppose ¢, > lolgi Zn /m. Under Assumptions 1 and 4, then
I 1 o
S ZEY - 0)My == 25V + O (V) - (66)
i=1 i=1

Proof of Lemma D.8. By expansion,

| R 1< R 1< R
- z;(Zf’SW +0i) M; = - Z(Zfsw +6:) (& + pry i) + - Z(Zfsw +0i)(ro,i + 71 — Hryi)-
1=

i=1 i=1

First, by Lemma D.7, we can show

72 ZSSIV €z+,uf7"1,z ZZSSIV (Githory i )+O ( pre) Op (\/ﬁ) )

Second, we have
1 — !
- Z (Z5Y + V(roi + 71,0 — fry i) = 2 1 (ZZSSIV + Z’Aymﬂm) (roi + 71,0 — frysi)
i —
1 IS
== Z <Ziss1v + Z ’yk%i) <Z iy, 17 (ws) + n{)
=1 k=1 =1
1 & r
=D (ZE’“V + Z%%) o+ = Zunz Z (ZS&’IV + EVsz) (% (w;) — wf?)
i=1 k=1

=51 + 5s.

89



For S, we have S; = S11 + Si2. For Si1, we have

. re post
s AP _ min{gy , qn  }
( 11 ; ; ™ 771 ngSt
and
Var(S11) = Var Z z Apre —m)n;
1=1 j#i
Z Var <Ap (T; — TF)T]Z) + = Z Cov (Ap ‘(T — W)nZ,AP “(T; — 71)77]>
(z,]) i#] (Z 7)i#]

+— Z Cov (Apre( i — i, AL (Tk — p) 74) + % Z Cov (Apre( —W)ﬁzaApre( =)

(Z7J7k) (i7j7k)
all distinct all distinct

1 T r r r
"’E Z Cov (A%G(Tj — )N Azle(Tl — p)%)

(i?j)kil)
all distinct

LS va (Ao — o) = 0( q’zt>

(m) i#] "vqn

Therefore,

. pre post pre
i1 = Os (mm{q” o }> +0p | I

post
post
an \/ngh

For Si2, we can show that

s n

= Z (Z ’m%) ny = Z jf Zn:wm Z L. (Z iy (i — wm)
=1 k=1

1 [ logn
—Or / lo E) n/n
n qgost g 10g

by Lemma D.4 and Lemma D.6. Therefore,

1 n T . min qpre,qpost /qpre
S =— E (ZZ‘SSW + E ’Yk%bki) n; = Op ( { T J +0p | ———
n — — qn post
i=1 k=1 \/ "dn

For S, we apply the same proof in Lemma D.7. By definition and Lemma B.3,

n
i} 1
pre = > (1o + 710 — piry ) Ui (wi) = Op

)
i—1 /’I’LQEOSt
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and this implies that Sy = Op ( 1

post
nv\/ qn

— Z ZSSIV TOz +7"lz er,i) =F <

D.2 Consistency

Define

We first show the probability limit of (DgE(ZDE)TX )

C11 =

C12

C13

C21

C22

C23

C31

€32

(D?LE(ZDE)TX>

1 n
IS~ (
n =1 ny/ Nn
1
nan i

DDE —

n

logn
loglogn /TL) :

o O =

To conclude,

1
whose closed form is

C11 C12 Ci13

= > C21 C22 (23
det(DPE(ZPE) T X)

C31 (€32 (33

(67)



€33 = as3

and
det(Dp*(Z°") T X) = cs3c20 — c32023.
Define c*, = w where c*, =< min{q®h*,qh% t}
) e Cop =~ g
Theorem D.1. Suppose gh'° >~ % /n. Under Assumptions 1 and 4, then
Case (a):
TChy — —WChy ays
—mchy ¢y —Cov(Ty, & + pr i) | +O0p (7)
(DDE(ZDE>TX>71 _ 0 0 (1 —m)
m(1 - mes, + 0p ()
Case (b):
i+ 0p (&) —meh+Or (L) els+Or ()
—mc39 + Op <Ln> 39 + Op <n — c> Op (n —
1 1 _ 1
(DDE(ZDE)TX) — OP( ”) OP (\/ﬁ) W(l 7T)+OIP n)

Proof of Theorem D.1. The proof is analogous to Theorem C.1 by applying Lemma D.7.
O

Proof of Theorem 4.3. We show the consistency by Theorem D.1. By Lemma D.7, we can show
that

n

1 Ve < 1 >
- ZZSSIV + z ZSSIV + O — O -
n /nqgre Z( n /nqgre Z P < \/ﬁ ) P \/ﬁ

=1

and thus
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Case (a): By combining the results from Theorem D.1, we have

022% > i (T — T')u; + ca3 n\/}qu > ((Zissw + 3@) - % Yo (Z5Y + 51)) U

—o= €33C22 — €32€23
(w00 (Jr)) 0 () + (-CovTngit i) + 0 () 00 (1)
N m(1—m)chy + Op <ﬁ>
o
- m(1 —m)chy + Op (ﬁ) 7
and
o S T (25 48 = L2002+ 8) ) s ook S04 (T = Ty

C33C22 — C32€23

(0500 ()0 () -0 (1) (2
7(1—7)cs, + Op (ﬁ)
()
7(1 =gy + O ()

Therefore, B{’E and BSE are consistent when max{q, , qEOSt} < V@' with

max pre post . max pre’ post
_ ,Bl — OIP’ ( {Qn pareqn } and ﬁQDE _ ﬁQ — O]P’ {q'n prgn } .
V dn dn

It follows that 85" is also consistent when max{gh'®,gh>'} < /¢h™® with

Inax{qgre7 qgost}

Case (b) By combining the results from Theorem D.1, we have

—Bo = Op

e I (T3 = T e S, (257 46 = LT (25 +6)) w

~p =

C33C22 — C32€23

(50 () (8) 0 () (8)
(1 —m)csy + Op (m/TF)
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The consistency of BAIDE always holds with

o).

Then, for BQDE, we have

1 N 1 N 1 T
Py e > ((ZZ-SSIV +0i) — = D (ZFY + 5¢)> w; + sz iy (T — T)ug
C33C22 — C32C23

o100 ()01 () o ()01 ()
m(1—m)es, + O <nqpot)

We can conclude that with max{gh", ngSt} <\ qh'¢, then

max gre’ EOSt
_52:%( {an ", q }>.

~ B =

Furthermore, with max{qh *, qEOSt} <V qh', then

B 50 _ OP max{qgre? qgost} |
/qgre

Proof of Corollary 4.2. Corollary 4.2 is a direct result of Theorem 4.3 under ¢5™ < ¢5°*. O

D.3 Asymptotic normality

Proof of Theorem 4.4. We complete the proof in three steps.

Step 1: asymptotic normality. We prove the asymptotic normality of the numerator. By
Lemma D.7, we have

N 1
LA R e S S A v ().
i=1 j#i
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Define H;j = AP°(Tj — m)nj* and oy, = Var (Z(” ) By Theorem B.2, we have

2
V2
EDICIRUIRT) EES (L WD SR N =N D SETD S
(4,3) (k,1) €S, (4.5) (k,1) €S,
(69)
By definition of S; ;), we have
> Hpgy=Hj+Hui+ Y Hi+ > Hu+ Y Hi+ Y H (70)
(kzl)es(i,j) k#i,j k#i,j k#i,j k#i,j
For the first term in (69),
2 2
E ||H;; z Hy, <C-E|A}* E Hy,
(k,1)ES.5) (k,1)ES.5)

Then we consider the cases in (70), respectively.
(1): Hij + Hji. By definition,

B (A48 (Hy + Hyo?| = B [AT (T — myi + (T - m)] < Oapr.

(2): >z j Hik- It can be bounded above by

_ 2
plag (Yo | -p|a (S me ¥ s,
k+#i,j k#i,j (k1,k2)
=B A7 | Y AR (T — ) + Y AR(Th, — mmf AL (Tr, — 7
L k#i,j (k1,k2)
=B [ AP S AF(Ty - 1)’ ()2 | < On(al®)’
| k#i,j

by independence between (T}, — 7) and (T}, — 7). By symmetry, we have

2
B lage (50 ) | <ot
k#i.j
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(3): 2_kij Hyi- It can be bounded above by

- 2
plag (o) |—elap (S e ¥ o,
k#i,j k#i,j (k1,k2)
=E | AP | > APE(T, - m)* () + 2> AN AP
L k1,5 (k1,k2)
=B | AY(T—m)* Y AR ) | < Cnlah™)?,
L k#i,j
where the last line follows from
E|AG(T; = m)* ) ARk AR,
(klka)
=r(1 —m)(gF")*E | foli, ) Z A7 (w07, (wimg, > Z ALY (wiy )y, (Wi, | = 0.
]Cl ll_l kz lz_l

By combining these three cases, we have

2
nQn(qpre)Q pre
03 ZE Hi; Z Hy SCW:CV(M .

(k,D)ESG,5)

For the second term in (69), we decompose it into several pieces in terms of (70), and consider these
terms one by one.
(1): Hij + H]z By definition,

ZHZJ ij + Hji) | = Var ZApre( — ;' ((TJ —mn +(T; — 7T)77;)
(6:9) (6:9)

=3 (AT, =t (= + 5= )

+ S Cov (ATETy — mynt (T — mnl + (T = myn) , ARS(Ti = ) (T — mnt -+ (Ti = my))

(4,,k)
all distinct

<Cn ( pre)2‘
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(2): > ki Hik- By definition,

Do Hy Y Hy | <Var| D AN(T - m)AR (T - m) ()
(ij) ki (i,j.k)
all distinct
= Z Var ( —7) (T — W)A%‘reA?;;e (77?)2)

(3,5:k)
all distinct

+ Y E ((Tj — )2 (Ty — m)2APSAPY () AP AP (172‘2)2)

(il :i2 7j7k)
all distinct

< C1n3(gP™)? + Cynt (¢

(3): 2jij Hjk- By analogous argument, we have

D Hij 3 Hy | < Con(af)? + Con (4l
(,9) ki,

(4): > pzi j Hyi- By definition,

ZHij Z Hy; | = Var Z Apre( —m)n; Aiie( — )N
(i)  k#ij (i,7,k)
all distinct
= Y Var (AT - AR (T - )

(4,5,k)
all distinct

0 B((@ - m (T w) AT AR, AR )P AR, ) < Can (g7

(izjzkl 7k2)
all distinct

(5): X pzi j Hij- Recall that 37,y mihy(w;i) = 0.

2
D Hig Y Hy | < B Z AL Ty = )i AR i
all dlstlnct
= 3 B[~ wP T - n AT A, A AT
(71,41,k1)
(i2,J2,k2)
=)’ 3 B [ATCARAR 0] 720 —m? 3D B AT AL’
(i7j17j27k) (i7j17j2)
all distinct all distinct

<Ot (gP°)3 + Con®(gPre)>.
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By combining these results, we can show that

V2 ST Hy Y Hu|<Coppm e\ ) =0 (V).

Ne
i,J (k,D)ESG 5

Then by (69), we have that

7221413% 5 N(0,1).

i=1 j#i

Together with Cramér—Wold Theorem and (68), we can show that

(V) /2 (Z Zi”w) SN (0,55).

=1

Step 2: consistent variance estimator. Recall that a)* —u; = (B°E — )T X;. By definition

and Lemma D.4, we have

n n

A — e =) (@ = w) (W — Yi(wi)) + (@7 —wi)p(wi) + Y widy; — viiwi)) = op (V) ,

=1 =1 =1

where the last line follows from

D (P = wg) (9 — i (ws))
=1
=(B5" = Bo) D _(bf — vi(wi) + (BY" = B1) > Ti(whfs — wip(wi)) + (85" — B2) Y Mi(ff — wbf(wi))
i=1 =1

i=1

loglogn

:op< log /qufe)) — op(v/),

n

Z P ) i(wi) = (B — Bo) Y wih(wi) + (BY" = B1) D Tibj(wi) + (B5" — Ba) Y Miip(wi) = op (v/n)

=1 =1 i=1 i=1

and

n R . n noo 1 1 1/4
> il — vi(w)) < ;u,?;wg—qp;(wm?:op( T (ioerogn) >=oﬂ»(¢ﬁ).

i=1

Now we show the consistency of the variance estimators one by one.
(1): The consistency of the (1,1) element of V°E . The proof is analogous to that of Theorem 4.2

and follows from S°F — 3 = op(1).
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(2): The consistency of the (3,3) element of V,°E . By definition,

num*

T
A= ab® — Z [t =0P% — u; + u; — Zukwk w;) [t + > by (wi)

k=1 k=1 k=1 k=1
u ~DE
=n; + 5 —ug — A

where A; =Y (/lleﬁ,g — ,ukwl*;(wi)). The variance estimator can be decomposed as

n2 pre ZZ pre ] 2 pre ZZApre 771 +7ALDF Uq _Ai)z

i=1 j=1 i=1 j=1
pre ZZAPre u pre ZZApre Az)z pre ZZAZH;W:L Z w; — Az)
=1 j=1 i=1 j=1 i=1 j=1
—n2 preZZApre ?‘ 2 pre ZZAPI"B ) 2 pre ZZAPMAQ
= 1J 1 i=1 j=1 i=1 j=1
n2 pre ZZApre u U; ui_Ai)
=1 j=1
=51+ Sy + S3 + S4. (71)

For 51, the expectation is

=1 j=1
The variance is
1 n n n n n \
Var | ume D ()’ D A" | = e ZVar (ni')* Y AG° +ZCOV (') D AL i)* D AR
an = j=1 j=1 j=1 J=1 /
re 2 re re
- preQZZVar(m A%) prezzz(bv(m AT (AT
i=1 j=1 1=1 (j1,j2)
P ZZCOV( (12 A, () 2ARY ) + — T 2 2 Cov ((n)2 ATy, (i) AT )
(i,k) j=1 (1,k) (41,J2)
T 2 T 2 T T u\2 T
- pre) ZZVar(m A7) 437 3 Cov (AT, (A + ZZCOV(m 2D, ()2 AR
=1 j5=1 = 1(]17]2) (zk 7=1

o)
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Therefore,

re u re / u 1
n2q preZZAp )T 2 preZZAp (ni')? +OP<\/H>' (72)

=1 j=1 =1 j5=1

For Sy, with BPE — B = op(1), we can show that

2
TR 3D DA LB S 9) il (CLENISY)

i=1 j=1 =1 j=1

! D23 S AP (A 523 AR (B Y A

§3n2qpre
n =1 j=1 =1 j=1 =1 j=1
ZOP(I).

For S3, by definition, we have

n2 e ZZApreAZ 2;pre Z < <ﬂ1§1ﬂm by (w; )> ZApre

Z_lj 1 i=1 \k=1
2 n
nz 5 pre ZZ (ﬂk Vg = pti (wn) ) > A
an 5 Jj=1
n
+ g Z Z (bl = i) ) (AFf — i (wi)) Do AP,
j=1

By definition,

PR — i (wi) =ffd — bl + it — i (w;)
=(Af — ) (DF — Vi (wi)) + (Al — )i (wi) + (D — i (wi)).

For the first term of S3, we have

3 n2 9 pre ZZ (ﬂkR@Z)/m iy (w;) ) ZApre

k=1 1=1

1 T n 1 T n n
S5 pre Z(ﬂkR — )” ZW}Z — Vi (w;))? ZA%re + 5 pre Z(ﬂkR — )” Z¢Z(wz’)2 Z AP©

- i=1 j=1 - i=1 j=1

n
2 T
n2 5 pre Zukz ¢m ( )) ZA?J'Q
dn i=1 j=1

=op(1)
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where the last equality follows from

Zwk w;) ZApre = Zwk w;) qurego i,j)| < Cngle

7j=1

and

- "R re re % logn
;(@/Jm Vi (w;)) ZAP < maXZAp ; v — Pi(wi)® = Op (”k)glogn> -

The second term follows from an analogous argument, and thus S3 = op(1).
For Sy:

Pl"eu Pl"eu preu
n2pre§:§:A —ui = Ay) 2pre§:§:A _ul_ngpreE:E:A

i=1 j=1 i=1 j=1 i=1 j=1
For the first term,

Mmzz@mA w)

=1 j=1

:( A(I))E pre Z Z Afjre?ﬁ pre Z Z AZrenuT + pre Z Z AzrenuM .

nzlgl =1 j=1 =1 j=1

By bounding the term in Ly norm:

2
o\ (S35
=1 j=1
[ n n n
=) 31 DNV SRLVIYA R DR RYR YA b wiva N Dadt
=1 \J=1 (J1.52) (41i2) J=1 J=1
n n n n n
<E Apre 2M2 ApreApre M2 2M2 2M2) Apre Apre
= ij T’z 7 + iJ1 ’L]2 2 + (7711 11 + 77’62 12 1] 2]
=1 \s=1 (J1:32) (41,42) J=1 Jj=1

<Cl7’L qpre+02n ( pre) —|—an ( pre)Q,

which implies that

n n
D> AY M = O (n*gh).

i=1 j=1
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With analogous arguments and 3°F — 3 = op(1), we can show that
R Z ZAffeﬁf ;" —u;) = op(1).
=1 j=1
For the second term,
eSS A = e 3OS a3 (3 i)

”1131 i=1 j=1 k=1
T

W%Z-wzm%wMzwe”Q:—MDmMzw

n2 n2gPre Z“k ZZAPYG YR — i (w;)) = op(1)

i=1 j=1

where the last equality follows from

S0 AT — i) < I 4R - )

. logn T
-], =0r (v 0n (22 ) — ont it
pc 2 oglogn

and

B (3 A

L =1 j=1

- n 2

= Z( )27 (w;)?2 ZApre Z i (wi, )N g (wi,) ZAflrje ZAirf < nd(gPr)2.

_izl (41,32)

Thus, Sy = op(1). Therefore, we show that

n2 "2 ,Pre ZZAPTQ = n2 pre ZZApre u 2 +0[p>(1).

i=1 j=1 i=1 j=1

Step 3 Steps 1-2 and CMT together imply the desired result:
-1/2 , .
(Vo) (™)) S N0, ).

By Theorem D.1, we have shown the probability limit of (Z°%)" X. By combining with CMT, we

can show

(VDE)_I/ ’ (3“ . ﬁ) 5 N0, I3).
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E Normalized SSIV

Borusyak et al. (2022) suggest the following normalized SSIV for M;:

n pre
Zalt _ Z] 1 A

i re - 73
Z] 1Ap ( )

The exclusion restriction holds by the randomness of the shocks and the normalization of the

shares:

Zn Apre T

AT =0
Jj=

E|ZM"w| = F

n pre
*E Zg 1A’L_] o=l
Te
Zg 1 Ap

Borusyak et al. (2022) state that the relevance condition holds when individual units are
mostly exposed to only a small number of shocks. In this section, we quantify the regime

where the normalized SSIV in (73) yields consistent estimators.

E.1 Consistency

For estimation, we consider the IV estimation with the IV vector:
Zalt (1 E7 Zalt)

Let 32 denote the vector of coefficients obtained from the above IV regression. Define Z2!t
as the n x 3 matrix obtained by stacking Z2!.

Theorem E.1. Under Assumptions 1 and 3,

(a) if Var(&) > 0 with max{¢}*, ¢2°*"} < T’ then
B — B = Op (Vnmax{g", 2>} ;

: N\ . pre _post post
1) — I
(b) if Var(&;) = 0 with max{qn ", qn  } < v/ngn , then

1 max pre post
alt 51 — max {qn ydn }’1

\/ﬁ post
\/ dn
pre post

Moreover, with max{qn ,qn  } < T’ then

3l — Bo = Op (Vnmax{g)',¢5*"}) and Bt — By = Op (vnmax{g™, ¢2**"}) .
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Theorem E.1 establishes the consistency of 32 under both Cases (a) and (b). The
consistency regime and convergence rates of 32! and 43 remain unchanged across both cases.
However, in Case (b), where AP is conditionally mean-independent of the treatment, 2!

alt

exhibits a faster convergence rate compared to Case (a). Additionally, is consistent under

a less restrictive condition in Case (b).

Remark E.1. The consistency regime for the IV estimatos using the normalized SSIV in (73) is
the same as that for that of SSIV Z" in Theorem 4.1. This similarity arises because the primary
component of both IVs is Z?Zl A%OStTj, which is endogenous due to its correlation with the error
term wu;. Either normalization or centering around the expected number of treated friends helps to

control this endogenous component.

Corollary E.1 simplifies the results in Theorem E.1 to the special case where ¢i"® < ¢h®*.

Corollary E.1. Suppose ¢7"° < ¢5°". Under Assumptions 1 and 3,

=< J, then ¥ — 5 = Op(v/ngh™);

(b) if Var(¢;) = 0 with gt < \f’ then ﬁalt Bo = Op(fquSt) and Bglt Op(fqp“t),

Moreover, it always holds that ﬁalt 51 = 0Op (%)

Corollary E.1 establishes the consistency of 2 under both Cases (a) and (b). The

consistency regime and convergence rates of 33! and 32l remain unchanged across both cases.

(a) if Var(&) > 0 with g5 <

However, in Case (b), where AP*' is conditionally mean-independent of the treatment, 53“
converges faster than in Case (a) and maintains the standard rate \/n. Additionally, 52 i

consistent under a less restrictive condition in Case (b).

E.2 Proof of Theorem E.1

We start by providing some useful lemmas.

Lemma E.1 (Lemma 15 in Li and Wager (2022)). Consider an RCT under network interference
satisfying Assumption 1, with treatment assigned independently as T; ~ Bernoulli(7) for some
0<m<l.

1. Suppose furthermore that if we define g(w) = fol min(1, g(w, t))dF(t), then the function g is
bounded away from O, i.e.,

g(w;) > ¢ for any w;. (74)

Then for any k € N, k > 1, there exists some constant C}, depending on k, s.t.

k
(a) E [(]&) 1{N; >0} | w@‘} < T
k
1 . _Cy
(b) E [(N) HN > O}] S Tg.e)®
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2. Assume the graphon has a finite K*" moment, i.e.
Elg(wy,wp)¥] < &, for k=1,2,..., K.

Then
E[(N; — ngng(i))**] < Cr(ngnew)”

for k=1,---, K, where C} is some constant depending on k.

Lemma E.2. Define ¢; as an i.i.d. random variable with constant variance. Define the conditional

expectation Q? = [qAqu | w]] Under Assumptions 1 and 3, then
1o 1o 1
SN Z )= = ST - TR+ Op | ——= |- (75)
w2 e Vi/ngle

Proof of Lemma E.2. We make use of the proof of Li and Wager (2022, Theorem 4). By reordering

the index, we have

- Z Zalt ) Z Z] 1 Apre( - 7T)¢ . i Z Apre¢z
pre i 1 ppre
o i=1 Zazl Aij et i#] k=1 Ak
where
E Apre AZre(bZ B Z Apre¢i Z Azre(bZ(NZ - (n - 1)q7§reg()(z))
pre - N - — pre - — pre .
AT TN D) & (- e
For the first term, for fixed j, given w;, o Zﬂ;qﬁ(ﬁ) are i.i.d.. Then we have
APre 2 [ APre 2
212 A0 o) | g | A% e
n—1g"g(@) n—1 ango(i) 7
L[ A ¢
< E < —. 76
Shi _<<qn @7 )| = -nge

This implies that - 1 > £ qp,eg ( y can be well approximated by Qf with a small error of Op (ﬁ)

For the second term, we start by noting that

A7 i(Ni = (n = D)gn “go(i))  AZ"¢i(Ni — AZ° +1) — (n— L)an “go(i))

T . - T T 77
N, T, AT D) (70

Conditional on w, (N; — AP;°) is distributed as a Binomial(n — 1,45 “go(¢)). By the property of
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binomial distribution, for a random variable X ~ Binomial(n, p), we have

E <X:— 1) = _(SJ:SZH'

Thus, we have

(N; — Apre +1) — (n—1)gn “go(i) o] = 1 5 o o
Ao vy e VR Rl e R P e

_ 1 1—(1—qn " go(d)" _ 1 1(1—gn go(i)"
(n—1)gy%go(i) ngn go() n(n—1)an go(i) n  qn go(i)
1 e e 1

< ~ + =~ <C
n(n—1)gn “g0(i)  nan go(i) = (ngh®)*

By Cauchy—Schwarz inequality and Lemma E.1,

(N; — AP +1) — (n — 1)@ go(i) \* »
(n— Daigo())(N; — AT+ 1)

1 pre . pre (. 4 1
S(?’L — 1) (qgrego(i))2 ¢E (((Nz - AZ] + 1) (n 1) g()( )) > E ((NZ — A?jre + 1)4)

1 pre 1
SC pre nqpre 2 — prey3” (79)
(( 1)Qn ) (n(Jn ) (HQn )
Let B;; = AlTe = P:(N: ;E, z.) igo(z)) Then we bound the second moment:
2
B\ 2By | | =2 F[Bjl+ ElBiBy].
i#j i#j (4,k)

For the diagonal term, we have

(N; — AP+ 1) — (n — 1)g Erego(i)>2 o]

(n = 1)gn"go (1) (N; — AT" + 1) n(ngn *)?

E[B}] = E |AV¢? (

pre gpre Ny—(n-Dargo(w,) 4

Ni—(n—=1)g5"go(ws)

by (79). For the off-diagonal terms, conditional on w, AZ] s Al s +« 0,

are all independent. Thus

E[Bi;Bir) =E | (¢5")?g0(i, )90 (i, k) p; . E [

1
<C——m5>
— n?(ngn )

YD) ] [ 0 D
(n— D g0w)N, (n— D go(ws) N
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where the last inequality follows from (78). Combing the diagonal and off-diagonal terms, we have

2

E
i#j

Combining (76) and (80), we get

pre

AP
E ZTngb’L - Qd) < pre -

i#]
This implies that
l n Z fjregm - B OP < 1 )
are ~ Q5 | = 0r | T
" jzl i% k;ﬁ % Vi ngn”
and thus
S S ()
7 (2 i - .
n — n — \/ﬁm
Define o A,
S?: 72(,‘2}_%)2 prel
with E(SY) < W In Lemma E.3 below, we analyze the order of L 3% | (Z#!F —

Lemma E.3. Under Assumptions 1 and 3, we have

Z A 9i(N; — (n — L)an " go(i)) ¢
(n—1)an go(i) N

< -
= (ngn©)?

—ZZalt ™) M; E(Sl)—i—oIp(

Proof. See proof in Section F.5.

Now we are ready to prove Theorem E.1.

. -1
Proof of Theorem E.1. We start with deriving the probability limit of (Z altT )

) o
nmax{q, qEOSt} g Vn

1 1 *k * k

ZaltT v\ _ )
(7)o - 90
* d3a da3
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where

1 & 1 — 1 —
o (o) (5 (G5)
1= 1= 1=

doz = a23
1 & 1 & 1 &
dyy = — (nZTZZ;ﬂt> + (n ' Tz> (nZZZalt)
=1 =1 =1
d33 = as3

and
det(ZT X)) = dssdas — dsadas.

Let * denote the terms that are not relevant to show Theorem E.1. We analyze the terms one by
one.

(1): ds2. By Lemma E.2, we have

I =~ (i ST -z 7r>> + (i (73" - w>) (i (7; - w>>
3 1

i=1

_ (S| AT 1
—‘<n;<ﬂ (s OP(wWW))
1 ¢ i 4 1 1
+<n;m‘”>E ) +Oﬂ”(ﬁm>) ()

1
:OP 7% .
( n )

(2): 1370 (Z# — Z)u;. Similarly, by Lemma E.2, we have

n

il Z (Z2% — Zaltyy, = - Z(Zalt s — (2% — Zul _ (f) ‘

=1

We consider the remaining terms under Cases (a) and (b), respectively.

Case (a) (1): dy. By Lemma E.3, we have

doo = (i zn:Mi(Z?lt - 7T)> - (:L zn:Mz) < z”: z" - >
i=1 i= i=1
- <; (€ + (2 ) (; > (€ + pna ) (i oz - 7r>>
=1 i=1 =1

3\H
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1 « 1 « 1 «
+ (n Z(To,i g — i) (23 77)) - (n Z(To,i + T Mm)) (n . (Z3" W))

=1

e AT+ prg) |
—<n2“m L e +OP<\/E\/7W>>

L N (A @ mE |, 1
_<E(§Z+M“’Z)+OP<\/5>> (“ izlm B qﬁrego(J)’ i o (ﬁW))

1 . alt 1 1 - alt
+ = (roi+ 71— pe ) (23 —7) | = Op =) (Z7" —m)
n- / post n-
=1 nA/ gn i=1

1 1
=E(S%) +0 + .
(S1) +Or (f) o (nmaX{qgrequOStJ

(2): da3. By (29), we can show dos = —Cov(T}, & + pir, i) + Op (
(3): det(Z**T X). By combining the results above, we have

)

det(Z*T X) = dszdas — d3adoas

~(ro-mvor () (00 () v (s )
— <—Cov(Tz‘a§i + pry i) + Op <\/1%>> Op (1q£re>

—r(1-m)E <s°>+0p(}>+0P(nmax{q;re,qz°“}>

Therefore, by the closed form of IV estimates, we can show that

d22% St (T —Thu; + dzg% S (Zat — Zalt)yy,

Bt =B = da3das — daad
33U22 32023
B (E(S?) + Op (ﬁ)) Op <ﬁ> + <—COV(Tz‘,§i + piry i) + Op (ﬁ)) Op (7)
- n(1—m)B(SY) +Op (1)
o)
(- m)BSY) + 0s (&)
and
jal _ g, — dgg o Yoy (22" = 27w + dga g Yoy (T; = T

d33das — d3ado3

(i1 =) 0: () 0+ (3) 00 (i) o= (35)

7(1— 7)B(8Y) + Op (ﬁ)
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o ()
71— m)B(S?) + Op (ﬁ) '

Recall that E(SY) < W We can conclude that with max{¢h"™, ¢o°*} < T’ then

Balt _ 6 — OP (\/ﬁ maX{qgrea anbt}) .

Case (b) (1) dgs. By Lemma E.3, we have
e (i) () () - () (i) (o
i=1 i=1 i=1 ;

(i S i (225 - w)) - (; > u) (i Szt - m)
i=1 ;
* (7112 P i = ) (47 - )> - <:L ‘ (T’O,i+7’1,i—/~6r1,i)> (Tll Z(Zialt—ﬂ)>

pre

dn QO(j)

pre + 0 (W)) - (E(Mm,i) + 0 <fnlqpt>> <Tll ZZ:;(Zialt )

i Hry,j ’
1 1<
(ro + 10 — fryi) (28" —7T)> —O0p | —— (n Z(Zfﬂt _77)>

post
nA/ gn

1 1
=E(S])+ O +o .
( 1) P (\F qpost> P <nmaX{qgre7 qgost}>

=1

(2) das. By (29), we can show dgz = Op (1})“>
1£) @23- o
(3) det(Z?*T X). By combining the results above, we have

det(Z X)) = dsgdas — d3adas
1 1
=(ml-m)+O0p | — ES°+O< >+ ( ))
<7T( W) P <\/ﬁ>) < ( 1) P \/‘ qpost op nmax{qgre’qgost}

1 1
—Op | ——— | Op —
n /qgost n qg €
(1-mES)+0 < ! >+o ( ! )
=T — T —_— .
! i \/ﬁanOSt i nmax{q5r67q508t}

Therefore, we have

alt _ g — d22% > (T — T)u; + d23% S (Zflt — Zaltyy,
1 dszdag — d3adas
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(E(S?) +0Op (W) +op (nmax{q" ant )) ( ) +Op (ntlzi’ﬁ> Op (L”)
+

(1 —m)E(SY) + Op (

Or («fnqp“) '
m(1 = m)E(ST) + Or (e ) + 0% (e )

Therefore, with max{gh'®, ¢h>*'} < /ngh*™, then

S—

1 max pre _post
alt B]_ — max {q y dn } , 1

\/’ﬁ post
\/ dn

Then,

dss2 S0 ((Z2 — 22wy + dgp 2 SO0 (Ty — T,
d33dag — d3ada3

(000 ()0 () +0 () (3
m(1=m)E(S9) + 0p (St ) + 00 (i)
()
0+ 0r (i) o ()

B — By =

Therefore, with nmax{¢5", ¢5**"} < /n, then

alt 52 O]P (\/ﬁmax{qgre’ qnost}) )

Therefore, ﬂglt has the same convergence rate as 63‘“ such that when nmax{qh °, QEOSt} </,

Be'* — o = Op (Vinmax{g¥™®, ¢5*'}) .

Proof of Corollary E.1. Corollary E.1 is a direct result of Theorem E.1 under ¢5™ < ¢2°*.

E.3 Simulation results

In this subsection, we provide simulation results to support Theorem E.1. The networks and

outcomes are generated in the same fashion as in Section 5.2. Table 6 presents the results for

sparsity levels ¢8"® = ¢2*" = ¢,,, with ¢, € {n=2/3,n=1/3, n=1/5} and sample sizes n € {200,800}.

We report the average of the estimates under “32” along with the standard deviation across

the simulations under “std(?'*).” It demonstrates that the estimates are consistent if the
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standard deviation decreases with larger sample sizes. We observe that the estimates are

1/2

consistent for all designs when ¢, = n~%/3. However, when ¢, exceeds n~'/2, 32! is no longer

consistent for Designs 1 and 2. For Designs 3 and 4, 2! remains consistent, while 53 is not.

Table 6: Simulation results of normalized SSIV in (73)

AQn:nizAS Aq”:nilﬁ AannilAS
Design f3 5&1‘5 Std(ﬁalt) ‘ Balt Std(ﬂa‘lt) ‘ /Balt Std(ﬂalt)
n = 200

1 B =1 1.003 0.082 1.001 0.099 1.004 0.209
B2 =0.5 | 0.476 0.192 0.486 0.639 0.467 1.367
2 B1=1 1.001 0.082 0.990 0.131 0.935 0.386
B2 = 0.5 | 0.506 0.229 0.606 0.908 1.005 2.528
3 B =1 1.000 0.082 0.998 0.084 0.997 0.083
B2 =0.5 | 0.518 0.164 0.503 0.474 0.515 0.759
4 81 =1 1.000 0.082 1.001 0.087 1.001 0.092
B2 = 0.5 | 0.496 0.211 0.494 0.797 0.509 1.701
n = 800
1 B =1 1.003 0.039 1.002 0.113 1.006 0.336
B2 = 0.5 | 0.488 0.115 0.483 0.716 0.466 1.937
2 81 =1 1.000 0.040 0.986 0.135 0.841 2.325
B2 =0.5 | 0.499 0.149 0.605 0.888 1.479  13.681
3 B1=1 0.999 0.041 1.000 0.041 1.000 0.043
B2 =0.5 | 0.505 0.105 0.499 0.370 0.491 0.637
4 B1=1 1.000 0.040 0.999 0.043 1.000 0.047
B2 = 0.5 | 0.500 0.142 0.493 0.796 0.496 2.075

Note: Simulation results for the IV estimators using the normalized SSIV with n € {200, 800},
gn € {n~2/3, n=1/3 n=1/5} and 5, 000 replications.

F Proof of Lemmas

F.1 Auxiliary Lemmas

Lemma F.1. Under Assumption 1, we have for ¢ € {2,4},

c 1
E(ros + 71— pry )] = O (W) . (82)

Proof of Lemma F.1. We only show it for ¢ = 4 since the argument for ¢ = 2 is analogous and we

omit it for brevity. By C, inequality, we have

E [(7"0,2' + 11— Mrl,z‘)ﬂ < 3. [E (Té,i) +FE (T%,i) +F (M?«l,i)} : (83)
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For the first term, by the Multinomial Theorem, we have

4

I35 I
E [Té,i | Tz‘vwi] ZWE ZRij | Ti,wi | = WE ‘ Z R’?leQ | T3, w
J# (J1,92):917 32
where the last equality follows from E (R;; | T;,w;) = 0 such that any product involving R;; with a

multiplicity of 1 has a mean of zero. Recall that

post post post
R = Aijk Ty, _ Aijk _ Aijk ( T, 1 > .
I E(AZiStTjk | Ty, w;)  E(Ai, | Ti,wi) g2 \E(f1(, 56) Ty, | Ti,wi)  f1(9)

Therefore, E [réﬂ} < W For the second term in (83), define X;; = U;;W;; and Vj; = Wé By

AM-GM inequality, we have

4

1 X, 205(x) Ui Wk 207 (

4 J [ J ? z
LT 1P > o T Oy 2 5 *( Z Wis Wi

J#i g J#i (4,h): J#l t (4:0):57#
4 4 4
43 Xij 207 () Wi 207 (x
o (| Zaer) e ) | X sy 7 (1) ;X W
¢ v J#i J,l)ﬁfl ‘ (Jl Al
(84)

For the first two terms in (84), the order depends on the number of indexes. We take X;; for

example:
4
Pl (Sx) 1wl =p| XY xmexmin
J#i Ke{l,4} (ji k)
a;+---+ax=4 all distinct
Then for any K,
a a _ a A . a A .
E Z XZJll' XZJI; Tiwi | = Z E [Xijll |Twwz] B [Xzf; Tz,wz} )
(Jror k) (Ja,Jx)
all distinct all distinct

where for any k,

E [XZIZ | E7wlj| < 3ak_1 : +pnk+1f1( ){E(fl(zvjk)jjjk | n7wz) + T]kfl(z)}ak
%akE(fl(Zajk)TBk | T‘iawi)akfl(i)ak
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Taking expectation over T; and w;, we have

El Y XXl <Cn-1)5pk.

171
(.jl 3ttt 7jK)
all distinct

Therefore, the upper bound depends on the largest K, and thus we have

4
B |[Sxs] | <omar
JFi
For the third term in (84),
. _
E|l Y UWal| | Towi| =E| > - > UyWa, Uy Wa, | T,
(jvl)J#l (jl’ll) (.jmlC)

| all distinct all distinct

o ay bl aK bx . .
=k Z Z UZﬁWZJl ’ (UZJKWZJK) | Ti, wi
Ke{2,-.2¢} (ji,.ix)
a1+--+ax=call distinct
b1+ +bx=c
For any K,
ay aK by br X O — ay by A .. aK br X .
Bl Y U Uswh W | T =Y [Ume |Tz,wz} [UWWW | T3, wi .
(jlv'“ajK) (]177.71()
all distinct all distinct

If ap + by, = 1, then
[Uak ka ’ Ti,wz} =0.

1)k 1)k

If ap + by > 1, then

Wk Yk

E|U%W | Tiawz} < 2mth—2p [(AUTJ - E(Aij1}|ﬂ,wi)ak)1(ak>0) (Aij - E(Aij\Ti,wi)b") |ani:| .

The order depends on the largest K such that for any k < K we have ap + by > 1. Therefore, we

have

4

E Z UijWik < Clngh™)".
J7#k

The argument of the last term is analogous to that of the third term, so we omit it here. By
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combining these results, we have [r‘iz} < W Also, E [er Z] =0 (W) by definition in
(19). Therefore, we conclude that

1
E \|(ro;+7r15— 1"11'4:0()
[( 0, 1, H ’ ) j| (anOSt)Q

O]

Lemma F.2. Define a; and b; as any functions of T; and w; with constant variance. Under

Assumption 1, we have for any i # 7,

1
Cov (ai(roi + 115 — try,i), 05(r0j + 115 — ry 5)) = O <n> ; (85)
C (104 ; 2 bi(ro ; ) =0 1 0] ! 86
ov (az(ro,z + 71— Mm,z) ) J("”o,g +ry— Mrl,g) ) = W + w2 ) (86)

We write down the closed form of rq;r14, 72, and r1,,71,, for reference:

iy R G + AW

) G2 k;( W)

m=1P| +& > Ry X ( %j(w)h + 7(8) UilWih> 7
ki (Lh)d#h

T0,iT1,; =

where rg;r1; has at most three indexes. Next,

k;él
UnWa | 207 (z)
1 (k l%#z( 0y T Oy W”“W’l>
2 ’ T x
T = m—11| + X (—Z;%y 20 ( OB szzl) ”“W’h + 9 ())Wszm) (87

(k,1,h)

all distinct

+ E ( YWy + 3 le> (
(ki Fom) 07 (y)? 9 (y) thT

all distinct

_ UiWis 07 (x) 1172 _UuWy 20; (z) y17. )
+2 ,};( g+ R ( FE Wil

20; (x)
9 (y)s thMm)
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where 77 ; has at most 4 different indexes. Last,

i Uit Wi z2lW12l 7, (2) 1
l;(_e*() +9 ) ( +9()Wz221)
11W11 291‘1( ) 21W2) 203, (w)
1 " Z ( ROLCAO ) (L.h) z;éh( CAOLERROL W’QlW’2h>
TLinTliz = _1)4 Uiy iWiin 72lWL2l (z)
(n=1) +<z h%éh (* G T T %leh) 2 (-5 + b )
UL W | 207 (@) Uiy Wign | 205, ()
+ > (= T WalWan) Y = T Wit Wi,n
(l’h):l¢h< 0 (y) 07 (v)? ) (l’h):l¢h< 07, (y) 0;, (v) )

where ry ;7 , has at most 4 different indexes.

Proof of Lemma F.2. To show (85), we can rewrite it as

Cov (ai(roi + 71,0 — trei)s 0i(T05 + 715 — iy 5))
=Cov (a;r0,i,bjro,5) + Cov (airo,i, bj(r1,5 — i, 5)) + Cov (ai(r1,i — pr, i), bj70,5)
+ Cov (ai(rl i ,url,z) b; (Tl,] ,uh,j)) .

We analyze each term one by one.

(a) The covariance is nonzero when R, and Rj; share common second index:

Cov (airo4,biro ) = ZCO (ai&iRix, b€ Rjx) < M—O 1
Va;T0,i, 0570,5 (n VA G LYk, Jitjk n (qgost)g - :

n
k#i,j
(b) The covariance is nonzero when both sides share common index:

Cov (a;ro,i, b (11,5 — tory,5))
Ujijk 0; (m
E Cov <ai§iRik, bj (— HOE + HOE W/j2k )

=, _1)3 U W, | 205 () — ——Cov (ai§i Rij, bjfir, 5
(TL 1) —|—k§;j Cov (aigiRik,bj ( CHOE + 9*( E Wk,Wﬂ>> n—1
(qgost)g (qgost)g 1 1 B 1
<Ci (nqgost)g + 02( qEOSt)?’ + Csﬁnqgost =0 W :

(¢) The covariance is nonzero when both sides share a common index:

Cov (ai(r1,i = pry i), b (r1j — try5))
= Cov (a;r1,i,bjr1,5) — Cov (a;ir1i, bpr, 5) — Cov (aifir, i, bjr1,5) + Cov (aifir, iy bjptr, 5)
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Ui Wig 207 (x) 172 . Ui Wik 205 (%) 1172 7
R (o (=i + FRWR) s (- iog + i)
Ui Wik 20; () Ujk (x)
! ny Cov (e (~ et + TPWA) b (— 0 + 0 Wor i)
T (n_ 14 UnWe; | 207 (x) _UnWo 29 (Z) 1179
(n—1) + 3 Cov (s (-5 + SR Wawyy) by (-0 + i3 W2, )
_ UiWy 20; (x) . . . Ui Wi 7( z) . .
R P (o (=G + TR W) by (— 2% + S0 W)
1 UiiWi; 207 () o U],Wﬂ 29*( ) o
~ e |0 (o (Gt + e b ) + Cov Ty
(qgost)g n(qgost) 2( EOSt) +C ngSt i
1 (qgost)4 2n4(q£ost)4 7’L4( 71:: ) 47 “postrg (qgost)gnp n2 post)2 :

(83)
Therefore, by combining results in (a)-(c), we can conclude that

1
Cov (ai(ro; + r1,i — fryi),bj(ro; + 115 — firy,3)) = O <n> :

To show (86), we decompose it as

Cov (ai(roi + 15 — piry 1), b (roj + 115 — e j)7)

= Cov (airai, bjr(%,j) + Cov (aﬂ“g’i, bj(r; — ,u,nhj)Z) + Cov (ai(ﬁ,i - Mrl,i)2a bjrg’j)

+ 2Cov (airai, biro;(r1; — Mrl,j)) + 2Cov (airo,i(rl,i — i) bjrgjj)

+ 2Cov (ai(rLi — ,u,,hi)Q, bjro,j(ri; — uﬁ,j)) + 2Cov (aiTO,i(Tli — i)y (1 — Hm,j)2)
+4Cov (airo,i(rii — bry,i)s b7, (115 = pry ) + Cov (ai(r1i — pry i) b5 (r1,5 — iy )?)

We analyze each term one by one.

(a) By definition of Rk, any index pair that appears once would have zero covariance:

1
Cov (airai,bjraj) = WCOV asz ZR + Z leRzl ,bjf?- ZRJQk + Z Rijjl

i (k.D):hl k£ (k1):kl
. > Cov (ait? B3, 06212, ) + > Cov (w2 b Ry
(=D 4 ¥ Cov(w&RuRiy bRy ) + 5 Cov (i€l RusRit. bi€} Ry )
k74 (kD)oL
ost post posty4
< Cunlan™)” + Con(@n™)° + Csn*(an™)" _ L Vio(l).
(Q£Obt)4 n3 (qEObt)2 n2

(b) By decomposition, we have
Cov (airg ;i (r15 = ry 5)°) = Cov (airg;, 071 ;) — 2C0v (airg s, by jtr, 5) + Cov (@irg 5, bz, 5) -
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; has at most four indexes. To have
nonzero covariance, both sides should share a common index or for each side, the multiplicity of

each pair index should be larger than 1. Below we discuss each possibility:

For the first term, r%i has at most two indexes and r% -

n(gn>)?
( po t)cv
(qpost)4
( pos t)6 I

(3) if there are three (second) indexes, the covariance is bounded above by C (S(qpp:))(; :

(1) if there is only one (second) index, the covariance is bounded above by C*

(2) if there are two (second) indexes, the covariance is bounded above by C%

Therefore, Cov (airai, bjr%j) =0 (W) + 0 ( < po<f> For the second term,

2
Cov (air( 4, bjr1jtir, 5)

Ui Wik

1 ki,

> Cov (aif?R?k’bjﬂh,j ( b (y)®

+ CH (z,(l)33 Wij))
Ui Wi

_m + > Cov(aiffRikRil,bjﬂmj <_
(k,l):k#1

LU n’(gh™)*t 1

+ Oy
n4(qpost)4 anLOSt (qgost)4 n

ot + Tt W) )

1 1
=0 <n4<q5°st>3> o ( q5°st>

<y

post
Gn

For the last term,

1
Cov (aﬂ"g,z‘a bjﬂzl,j) = WCOV (azfz ijs Jﬂzl,j) =0 (

To conclude,

1 1
(a7 =0 () v0 (i)
( 0,i ( 1,7 — % ,]) ) n4(qgost)3 TZSQEOSt

(c) By definition of R, any index pair that appears once would have zero covariance:

2
COV (aﬂ"o’i, bjTO,j (’r‘l’j

— ,url,j)) = Cov (air?] i»biTo 471 j)

S Cov (alf R2.bi; ]k(

— Cov (aﬂ‘g ) 'To,jﬂm,j)
Uy Wy | 207 () 1
CHOE +3 HOE W2))

(k1) k£l
+ Cov (ai€2R2,,b;&; Ry (— Yok 4 20 ) W
R oy (R b P (=588 + 7 W Vi)
- n—1)° 2D . N UJZWJl ](x) 2
(n=1) + T o (ai€2 RanRa, bi&; Ryn (— 0t + Gt W3) )
kWi 0; (z)
+ Y Cov(aig?RixRiu, bj&; Ry, (— 203 + 550 Wi W
| (kD)kAL ( I ( 0;(w)? 97@’) / ])) |
1
CESE Z Cov (ai&} Ry, bi&jpu, i Rik) + Z Cov (a;&? RirRij, b&jpur, iRk
k#i,5 k#i,j
C n ( post)g . (qEOSt)Q 1 _ O( 1 )
(anOSt)B ( qpost)3 anOSt n3 (qEOSt)Q :
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(d) By decomposition, we have:

Cov (ai(r1i — pir,4)% b0 (r1j — piry 5)) = Cov (airi ;, biro 71 5)

— Cov (air? 3, bjir, j70,5) — 2C0v (airtifir, 5, bjro (11 — firy5)) + Cov (aspiy, 4,010 (r1j — firy5)) -

. 2 e 2 ; ; s .
For the first term Cov (azrlyi, b]rgyjﬁ’j), W) has at most 4 different indexes, and rg jrq ; has at

most 3 different indexes. We discuss all possibilities:

(1) if there is only one (second) index, the covariance is bounded above by C (q:::)

(ng

)7
(2) if there are only two (second) indexes, the covariance is bounded above by C L2 n*(gz2)°

( post)7 9

(qpobt)4

(3) if there are only three (second) indexes, the covariance is bounded above by C'~ Tghe T

Therefore, Cov (airii, bjm,jru) =0 (W) For the second term, rp; has 1 index, and
thus

( 2 ) (QEOSt)S 1 1
Cov a;Trq -,bj,url,jro,j < C =0 < ) .
) ( qpost)5 anOSt n4(q£0st)3
For the third term, r;; has at most 2 different indexes, and thus there are two possibilities for
Cov (amrhirl,i, bjTQ,jTLj)Z

n(qeo)? |

( post)

(1) if there is only one (second) index, the covariance is bounded above by C%

(2) if there are two (second) indexes, the covariance is bounded above by C' %
Therefore, Cov (aifir, i71,i,bjT0,71,5) = O (W) Moreover, we have
Cov (aiptr, ir1,is bjfir, j70,5)
| A (curens (=5t + R WE) bion 5P 0 ( ! )
(n N 1)3 + Z Cov (aiiuh,i <_ 1( )2 + 9*(35)2 Usz'Lj> 7b]/UJT'1,]§]R]k:) (QEOSt)g .

k#i,j

Therefore, we can conclude that

1
Cov (ai(rii — piry 0)%, bjr0,5(r1j — tryj)) = O <(q7p;ost>3>

(e) By decomposition, we have

Cov (a;r0,i(r1,i — Hry,i)s 070,5(r1,5 — oy 5)) = Cov (airo,ir1 i, bjTo,71,5)

— Cov (a;70,i71,i, bjT0 it ) — COv (airoitir, i, bj715) + Cov (airo,ifir, is 0705 r 5)
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UuWiy 20; (z UjnWin 20; (z) T
2 C (astiBox (it + TP o Ron (0 + i W)
- U'le,z 20; () 2 D, U;jsWin 29 (w)
| e - ) (5 )
“(n— 1) &Ry (~UsWy 4 2500 g e Ry (— ey 2@y
" +<;§h> Cov (astifra (= G088 + FRUaWa ) bR (=G + 3753 Wh))
e.p. [ _UuWin 20 () 17 17 Uy Win 207 (z)
+(k%;h) Cov (azngzk( 0: (y)? + 0*(y) Ulezh) ‘Sj ]k( 0 (y)? + T W)° Uleth)) _
| Cov | a;&i R; UaWy | 2050 yw2) by, 1€5R; ]
) 1 (%) v (af k < 07 (y)? 07 (v) zl) ity ,5€5 gl)
(=% |+ 3 Cov (it (~G5 + FGRURI) bt 5652
k,l |
[ . LC. . LC. . UJLWJL () T
B 1 (kz,l) Cov (all’LT17Z€ZRZk7b]€]R]k ( CHOE + o7 (y)aw )>
(n—1)* +(Z) Cov (aiurl,iﬁiRz’k,bjﬁjRjz ( U”‘(V[)/” + 5 (25))Uj]€le))
k,l
1
4

(n — )2 Z COV azlufrl zgz ik ],Ufrl _]5] jk)
k#i,5
gost 4 Eost 3 1 EOSt 2 1 1
=0 (qﬁ ) +0 4(qp05t)47 +0 ”2(q post) 9 o(postyg | 0 ( post 2>
nopy nt(gn)* "Pn n*(gn - )? n?(qn ) ™)

(f) By definition of R;;, any index pair that appears once would have zero covariance.

— i) bj(r1

=Cov (airii, bjrij)

Cov (ai(rlyi — uﬁ,j)2)

— 2Cov (airii, berj,url,j) — 2Cov (aierrl,i, bj""%,j)
+ COV (CLZ‘Tii, bj“?"l,j) + COV (aiu?ﬂhi, bj?“ij) + 4COV (ain’i,url,i, bjrl,jﬂrl 7]‘)

— 2Cov (ai,urhirl,i, bju,%hj) — 2Cov (ai,u%hi, berl,jTLj) .

For Cov (airii, bjrij), by the definition of in r%i in (87), the order depends on how many
indexes we have. We consider each possible case:

(1) for the case with 1 index, the covariance term is bounded above by C W;
(2) for the case with 2 indexes, the covariance term is bounded above by C W’
(3) for the case with 3 indexes, the covariance term is bounded above by C W;
(4)

4) for the case with 4 indexes, the covariance term is bounded above by C #

For the second term Cov (air% SRS 7]-), r1,; has at most 2 different indexes, and the order
depends on how many indexes. We consider each possible case:

n(gh>)?
( post)7 )

Q(qpost)
( post)77

(1) for the case with 1 index, the covariance term is bounded above by C'+

(2) for the case with 2 indexes, the covariance term is bounded above by C'~

(3) for the case with 3 indexes, the covariance term is bounded above by C @ pmy.
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Therefore Cov <airii, bjrij) =0 (W) +0 (W) For the third term Cov (air%i, bjﬂgl,])’

by the definition in (87), we have

Cov (air%i, bju%hj)

[ U, Wij 2
COV (ai <_ 9*(11) (()2 W,L ) b]lu’fl,]>
X Ui Wik 7W7 (m) 2
1 _+k§;jcov(al( 6: (v)? +_9(y ) < RO )LV-> lh“ﬁﬁ)
T —1)4 N
e +k§ Cov (“i (o + 99(())‘44sz]) bjﬂ%g)
2¥)
Ui Wik Ui Wi,
2]@%] COV (aqj <_ 91( ) + 0= (;)3 Wi) ( 9 (y) + 0r (;)3 WlkWZj> ,b],ugl’])
1 1 1
-O(—)|+0|— =0 —~—
< nbp; > <n5 (gho*) ) ( 5(ghoty4 >

For the fourth term Cov (a;ry ifir, i, bjT1,jftr, 5), it is analogous to (88), and we can show that

)

1

1
Cov (airl,iurl,i7 bjrl,j:u'm,j) =0 (n5(qgost)4> +0 <n4(q505t)2

For the fifth term, we have

Ui;Wi;
07 (y)?

207 (x)
0 (y)°

1 1
Cov (aiﬂrl,irl,u bj,uq%l,j) = WCOV (az‘um,z' <— )4> .

2 2 _
Wij) 7bjl“’h,j> =0 ( (qgost

1 1
Cov ((Ii(’l“l g ,U”f‘l,’L) ,b (’I“l,j Mrl,j)Q) =0 ((qgost)4> + @) (W)

By combining the results, we can conclude that

Therefore, we can conclude that

1

1
ngSt)2> + 0 <n2> ’

Cov (ai(ro; +r1i = piry,i)* b (rog + g — i, ,)?) = O < 3
n

F.2 Proof of Lemma B.1

We only show (22) since the remaining terms can be shown with analogous arguments. By

Taylor expansion, we have

M? = (& + pir i)+ (Tog + 11 — firi)? 426 + pry i) (Tog + 115 — ey i)-
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The first term of M? is a function of T; and w;, which is i.i.d. across i. The second and the

third terms follow from Lemma B.3. Therefore, we have

1 — 1 — 1
=~ ME == (&t )+ B (o 11— o)) + Op
=1

i—1 n /qgost
F.3 Proof of Lemma B.3
To show (23), the expectation is zero and the variance is

1 < 1 <
Var (n > ailroi+ 7 — Mn,i)> =3 ; E (af (ro + 1 — Hr,.0)?)

i=1

1< 1
3 D) Cov(ai(ros + i — peva)s aj(rog + 115 — phry ) = O <ngqpost>
i=1 j#£i n

by Lemma F.1 and Lemma F.2. In particular, this implies

1 & 1
- Z a;(ro; + 11, — pry i) = Op

i—1 n /QEOSt

To show (89), the expectation is

1 n
- Z(To,i +r1i— MT1,Z’)2

i=1

E

1
=0 (an°“>

and the variance is

S

n n
1
Var ( 2 (To,z‘ + 71— Mrl,i)2> :ﬁ Z Var ((7“0,1' + 71— Mm,z‘)2)

7 =1

1 n
5 D > Cov ((roi i = 1) (0 + 715 = i, 5)°)
i=1 ji

() ()

by Lemma F.1 and Lemma F.2. Therefore,

- i i = Hryi)” = E((ro, i = Hryi — ot — .
- ;1(7“0, T i) ((ros +71s = i i)°) + Op <\/ﬁnqgost> +Op <n> (89)
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F.4 Proof of Lemma C.2

To show (35), we decompose it into

n
% Z MiZiSSIV
=1

n

=1

1 1
== E (& + pr ) 253 + =
n n

n

SSIV SSIV
E (Z7ros + 237 r1
=1

SSIV ,
-7 er,l)'

For the first term, we can show by Lemma C.1 and (19) that

il Z ZSSIv& —Op (fqpre) and %Z ZiSSIV,url,i — Op (
=1

For the remaining terms, we show them one by one. For

pre
\quost )

1 n . r7SSIV : :
o> im0, 2, the expectation is

IR 1 =
FE ﬁ Z ZESIVTO,Z'] = m Z E Z A}Z)kr_e(Tk - 7T) 51 Z le
=1 i=1 L k#1 k#£i
1 n min{qgre qgost}
. pre )
n(n—l)ZE fle (T —m)R < ¢ ot
i=1 | ki n

The variance is

1 s
Var (n Z Z3 g

1< s
,i) = ﬁ Z Var (Z{%IVT‘OJ) +
=1

1< ,
SSIV SSIV
7’L2 E E Cov (ZZ T0,i, Zj TO,j) .

i=1 i=1 j#i
For the diagonal term, we have
2 2
. i 1
Var (Z;SIVTO,Z') <E [(ZissIV)QTg’i] - B ZApre : ZRij
JF J#i
512 pre pre pre
= (n_l)QE ZA +ZA Azk (Tk*ﬂ-) ZR +ZRl]Rzk |anz
el J# (4.k)
2 > AT —m)? Z R} + Z AY(Ty = m)ARS(Th — m) 3 R,
— é‘i’bE j#l .7#7’ (]7 JF | T W;
(n—1) + 2 AP(Ty — )2 Y RyRip + Y- AVCARS(Ty — m)(Ti — ) 3. RijRa
L (4:k) (k) (k)
£2
- (n—21)2E > AT e+ > AYCARS(T) — m)(Te — m)Rij R | T, wi
| (4:%) (J:k)
5@2 ngqgrquost n min{qgre’ qgost}g pre
S 1 t 2 1 >~ C £
(n _ 1)2 (qgos )2 (qgos )2 qgos
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For the cross terms, we have

SSIV SSIV
COV (Zz 7‘071', Zj 7“0,]‘)

Z(n_ll)ﬁov &Y AR(T—m) Y R, &§ Y AV (T — 1) Y Ry

ki ki k#j k#j
[ ST Cov (giAf,ge(Tk — ) Rig, AT (Ti — W)Rﬂc) ]
k#i,j
L S Cov (AR (T - Run, & A% (T — ) R
_ k#i,j
(n =17 | + 5 Cov (GAR (T — m) Ry, G A% (Tic — m) Ry )
k#i,j
+ Y Cov (@Af,;e(Tk — ) Rig, § AN (Th, — W)Rjz)
) -

oy rminda Y2 nmin{gl, R G | n2(aR @) ) ((minfgR® g2
>~ n2 (qEOSt)z n2 (quSt)Z n2 (qpost)2 (qgost)g
Therefore,
1 n qpre min{qpre qpost}g
ar [ =Y Z9WVry, | <C1—r + Oy ot
and thus

1 n 3 min pre _post pre
o2 L =0 ( ot 1) pop | ) (90)
=1 dn anOSt

For 1 3% | Z%Vry;, the expectation is

[ 0: () 1772
- i TLi| T e ik (L —m iy 20 (x
i n(n—1)* o kot +(§< W + (())Wszzl)
1 n Ui Wi 29*() >
__ S ey < ML ACIIE
w1 2 ; 0w 6w
Inin{qgre7 qgost}
T (™)

The variance is

IR 1 < N 1 — y N
ar (n 2; ZZ-SSIVT'l,i) =3 2; Var (Z3%"Vry ;) + 2 Z Z Cov (Z7"Vr14, 2§V ) -
1= 1=

i=1 j#i
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For the diagonal term, we have

Var (Z3Vr;) < B [(Z5Y)3,] = E

1 Z Apre Z ApreAme —m) (T, — ) rii
J#i (4,%)
2 2
UigWij | 207 () 1172 Us; Wiy, 07 (x)
1 pre , (Z< o T <y>W>> ( (- 9y)2+9<>WW)>
—( 1)4E > Ay (T — ) i# (4:k)
n-— i i Wi 20; Ui; W, 207 (x)
77 +22 (_ e T > ( 5w T WP W”W“f)
J# (4:k)
/ r 2
CUuWiy | 205(2) 112
(;( @ T e:<y)3Ww)>
1 2
+ B Y APS(T; — m) ARS(T) — ) DLWy | 20 (0)
(n — 1)4 (j.k) + o (— 6; (y)2 9 (y) WZ]W’LkJ)
_ Uy Wi, 20; (x) 2 _ Uy, Ww. 7 ()
+2j§i( @ T e*(waw) 2\ Wt ap Wl )
i _UyWiy | 267 (%) 1572 2 1)
g}( @) T e Ww)
Uy Wiy 207 (x) 2 UiWir 20; (x) 2
) . 7 U%( s+ W) (-G + W)
RO IR R A Al | W | 260:(2)
i# +(.k) “Hwe T 0:<y>3Wiﬂ'Wlk)
]’
_ UiWis 20; (x) 2 Uiy Wi 05 (z) AV 2
\ +2,§J.( it T+ 9:<y>3Wz‘k) ( Tt 3G Wle’f)
i _ Uy Wi, 20; (x) 2 _ UiWir 207 (x)
( GOV e:(y)&”’iﬁ) ( s T o o Wk)
LB Y ARSI - m) AT~ ) + (= + TR
(=D G5 +l§k< O+ SRR ) (=G + SR W)
UaWa 207 (x) U;; Wlk:
_ +2§i<_e:(y>2 + g Wit (‘0 O T A Wi W )
3 pre, posty\2 3 post prey2 post pre
Scln dn (Qnt ) +027”L mln{q 7qtn } _O< qn g >
nd(gh™")4 nt(gh™*")4 n(gho™)2

For the cross terms, we have

COV (ZZSSIV’FLZ', Z;SIVTLJ')
1
(n—1)4
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(ZA”%Twr)z( B+ HEWR) . D AL <Twr>z( Jkak+9(;)2WJ2k

k#1 k#£i ¢ k#j
+COV Z Apre( ) Z ( %szk + 0 (y)3 Wi) Z Apre(Tk - T Z ( + 9 (y)g ]kVVYJZ
k#i ki (k,0)
re Wil 207 (x re JkWJk
+Cov | 32 AR (T~ m) ( Ually | 20 0)yy, Wﬂ) L AT ) Y ( +5 (y)gwfk
Zi () k) -y

= (-5 + o sz)

+Cov (g Afée(Tk - 7T) (%) (—% + 30(()) szzl) Z A (Tk - 7T)

i re Wi re ihWin 207 i
i (A8 (T = m) (e + 5 >)W ) AT =) (< + Fap W)
N pre U Wi z) y172 pre U;jrWin 2 0 ()
| F o (B mic—m) (=G + FR W) AR <Th*”)< FaE  an Wik )
= ™ re 9 x
(=D + ¥ Cov (Ahe(T—m) (— Yl + 25S W) A3 m (-Gt + FpW3))
(k,Lh)
pre _ _ UuWin 207 (x) y77. . pre _ UiiWin 05 (z)
_ +(k§h) Cov (BT — m) (~Gelie + S5 Wy, ) , A% (T Tr)( S+ W Wi )) _
<o n3(gh ) (gh™)? o n3gh min{gh"®, i Hah*™)? " n3 (g )2 (™)t 0 (gn")?
= a1 postyy T2 4(,,POSt\4 t 40 postyg —( postyg
n*(gn ) n*(gn ) nt(gn”) n(qn™)
Therefore,
1 SSIV n (qgre)Q
Var (n;ZZ 1, < Cl 2( gost)g + an( post)g
and thus

1 n min pre? post / _pre pre
" Z ZZ'SSIVrLi = OP {qnpostqz } + OP ?)Zst + OP < o post) : (91)
i ) ng

n(qn

By combining with (90) and (91),

1 n . pre post pre pre
EZZZ'SSIV(TOJ_‘_TLZ'):O]P (mln{Qn » dn. }) +Op ( dn )+OP @ ' (92)

post post
i=1 an Vnan

In particular, this implies that
1 n
ﬁ ZMiZiSSIV - E [Zissw(ro’i L — i Z)] + Op (fqpre) )

F.5 Proof of Lemma E.3

By the decomposition, we have
n

o Z(Zialt —m)M; = - Z(Zialt — )&+ - Z(Z?lt mros + — Z Zalt ).

i=1 i=1 i=1
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First, by Lemma E.2, we have

n

1 n
=~z -
=1

i=1

Next, for

1
n Z?:l

(22"

1 n
IR

where

n

=23 1-mY

j=1

=23 (1-m>

% S (T —m)E

— m)ro,i, We rewrite it as

A 1
J
— | w;| +Op
ool) | <\/ﬁ
n prero
ey
Sp I ALEE R
i#] ‘
a AP o
1 pre
= (n = 1)gn"go(i)’
1AV o (N — (n = 1)gn “go(7))

j=1 i
For 59, the expectation is
1 — - Aprer 0,
L [S?] =F Z(E - 7I') Z — pre
D N A0

and the variance is

(n —1)gn “go(i)N;

n

1
n-
J=1

n

lp]re 51 R

i#]

n—1)gy go( )

(T —m) AT

TO,i2>

go(i2)

Var [S7] = Va 1 Zn: Zn: AS roa
' "n - 7I' Te :

1 i (n—1)gh go(i)

J= i#j
B3 Tmmay (T,=m) Ao,
Z: 2. Va ( 93( ) + Z > Cov ( NG ,
1 - 7£ j=1 (’61722) )Apre (T )Apre
— TE + Z Z CO ( - ijq 10,0 , J2 _7:) § 1o 70,0 >
(n — 1) (nqﬁ )2 (j1rj) i#d1,4 N ip(e) . g 1(4)
+ Z Z COV (( J1 7;3(2111)]17‘0,«&1 7 ( jz_gz(z;z)mrg 72)
L (J1,32) (41,82)
where we calculate each term:
AP?eTOi 1 (T qpost
Var T: — o ] : ) < pre : R = L’
<( ) i) ) S Ll R & ;
( )Aprero i ( )Aprero .
Cov :
9o(i1) go(iz)
=E|(Tj -~ 2 Ay 70 Ay 70 _ (Tj — m) AT ro E (T — m) AL 0,0,
j go(i1)  go(i2) 90(i1) 70(72)
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( )Aprele i1] (TJ_W)APT%ZQ 1]

2 : pre jpre p
§Z1 67/2 Azl‘] A’sz leRi2l

1
(el |

90(71)go(i2) Itir o go(i1) go(i2)
_@)? min{gh®, ¢h ™"}
n nZ(qEOSt)z ’
(le 771-)"4??67‘071' ( Jz )Apre )
Cov LA .
9o (%) 9o (%)
APTC APTCp2 T, —m)AXrg; T;, — ) A ro
5 |(@, — (1, -y | B Z DA o | (e TP
go(1)? go(1) 90(7)

:; E (T —_ 7T)(T _ 7T) AzrleAZrze£2Rileij2 (Th - TF)A?;IG&RUI (sz - W)AZZefiRijz

(n—1)2 o 2 9o (7)? go(i) 9o(i)
_ min{qgre’ qgost}g
- ng(qpost)g ’

oo (T = DA s, (B, = M)A o,

go(i1) ’ go(iz)
0 70,4 APN'E T0,iz T‘l -7 Ap@ 70, Apr‘e 70,iz
B |1, — w1, - my Pl At || T 2Dt |y (e 2T AT
go0(i1) go(i2) go(i1) 90(12)
1 (T3, —m) (L), — ) (gn)?

— E J1 & Apre Rz Apre Rz’ ) o \dn ) 96

(n _ 1)2 |: go(h)go(m) Elfz 1)1 1J2 12]2 271 n2 ( )
By combining these terms in (96), we have

SY = E(SY) + op ( ! - ) (97)
nmax{qn ,qn " }

Recall (77) that

AP i(N; — (n = 1)@ g0(i))  AXros(Ni — AP +1) — (n — 1)g% " g0(3))

an 90(i)N; B an go(i)(Ni — A7 + 1)
Define pre e -
B A TOZ(NZ (n_ 1) 90(1))
v (n— 1) dn 90( )Ni
and thus
1 n
59 = 5Z(Tj — 7)Y _ Bj
j=1 i

We bound it in Ls norm:

st 150 oon)

(ZB + > Bme)]

i#] (11712)
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1
+— > E (T — m)(T) — ) Z BijB + Z Bi,;jBi,k
(k) i#k (i1,2)

We analyze these terms one by one. Conditional on w, A7 and %M are independent.
For E (( - 7r)2B2> we have

N; = AP 1) — (n — 1)gh"go(i ’
B ((T; = n*BY) =F | B |(T; = w2 Af'rd, | w] B <((n—1) ,%fjgozm(v ;)pfe go())) .

1 1 1
<C E QAPI"e R = —
= (nqgre)?, (TL _ 1)2 ( 51 ; 7p;re) qgost

by (79) and analogous argument to (96). Conditional on w, AY°, A%S, Nf_("_]lv)jqﬁreg"(j) and
Nfc—(”—]{f)qﬁmQO(k)

k

are independent. For E((T; — 7)%B;,;Bi,;), we have

E ((TJ ) Bh]BhJ)

NZ _ 1 Ere . N,L o _ 1 gre .
—E [E |:(j—vj _ ﬂ)QApreApreTO 117“0 i | 'LU:| E |: 1 ( )q 90(7/1) | UJ:| E |: 2 (n )q gO(ZQ) | 'LU:|:|

C (n = 1)gn"go (i) Ni, (n— 1)ah*go(iz) Ny,
<Cmin{q£re7 QEOSt}ﬂ 1 = Hlin{qgre7 qgost}g
>~ (nqgost)g (nqgre)zl (qgre)z; (qgost)Q

where by (78) and analogous argument to (96). For E((T; — m)(Ty — m)B;;Bix), we have

E((Tj — m)(Ty — 7) Bij Bir,)

T . 2
e gpie,2 (Ni = (n = 1)gn"go(i))
=F |E {(TJ = m)(Th, — m) AT AL g, | w} E < (Zn “1)gP g0 (i) N; | w
_omin{aR,gh™? 1 pminta™ L2
>~ (anOSt)Q (nqgre)g (qgre)g (qgost)z

by (79) and analogous argument to (96). For E((T; — n)(Ty — 7)Bi, jBi,k), We have

E(<TJ —m)(Ty — 7T>BmBlzk)

re Ny —(n—1)qb " go (i1 Ny —(n—1)gE*go (ia
=B [B[(T; =m0 - MR Ao | o] B[ Gl L] B[St o]

-E [E |:(T] — W)(Tk - 7T) & & A AP AP R Rk ‘ T, w:| E [(Nilf(nfl)qﬁr'ego(il)) ’ w:| E [(Nizf(nfl)qgfego(iz)) ‘ w}:|

(Tl _ 1)2 117 gk T ] (n=1)gn"°go (1) Ny, (n—1)gn"°go(i2)Nsy
- 1 min{qgre’ qgost}g B Hlin{qgre7 qgost}g
TR et
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by (78) and analogous argument to (96). By combining these results, we have

B[ <cr ) nmin{gl® g nmin{g, g™ | n?min{gd, ¢i")?
2 — 1n4(qgre)2qgost 2 n6(qgre)4(qgost)2 3 n5(q5re)3(qgost)2 4 n6(qgre)4(qgost)2
(Yo
n4 (qgre)gqgost (nqgre)4 (qgost)g
and thus
1 . pre post
SO | | O (mlf({i?e);q’;ost}> - (98)
ngqgre qgos n“(qn qn
Therefore, by combining (97) and (98), we have
1< 1 1
— Zf““ﬁ?"-zESO+0< - >:O( . ) 99
n ;( 4 ) 0, ( 1) P nmax{qgre’qgost} P nmax{qgrequost} ( )
Next, for 1 3% (Z#* — 7)ry;, we have
1 & 1 @ LAY T
S ZN e mr =2 (T=m) ) =S5
i=1 j=1 i ’
where
1 — " AT
St== T, — 7 A
1 n ;( J ) ; (TL _ 1)q5rego(l)
6 L3, a3 AT (0 D)
e A (n = 1)gn g0 (i) N;
Again, for S}, the expectation is
1 — - AY T
E[SH=E|=) (T, -« A
[ 1] n ]z:; J ); (n _ 1)q5rego(z)
.t zn:E (T, _W)zn: 5 <_ UiiWij 207 (= W2-) _ min{gh", 7"}
n(n = 13" = ’ o)\ Gi(y)? Oy Y n2gh(gh™)?

Var(s]) = var (1301 -y A0
ar = var | — -7 re
' n e (n = 1) go(i)
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[ & & (T;—m)APr® (T;—m) AT Sy (T —m) AT,
Z:: ; ( go(4) ) + ]21 (11222) Cov ( go(i1) ’ go(i2) >
1 j Tl')Apre’r'lﬂ; (T] 77I')A1i)?e7‘1_’7;
= o + Z E Cov ! o _— ) 2 o(i 22
(n—1)2(ngh")? (Gr2) i1 (g {Z() " g); 3 )
+ Z Z Cov 1 7r0 1111717‘1”71’ ,-2—7r0 Z'1‘221'2711'1'2
I o) () ( 9o (i1) 9o (i2) ) |
1
= (n _ 1)2(nqpre)2 (Slll + 5112 + Sll?) + 5114) :
For Si;, we have
. pre_
Var 7 W)I.Llij il <F [(T] 7‘.7;)2 0o %l]
9o(7) go(7) o
[ pre 29 (z) y172 i
A7 %2( o+ T Wzk)
pre _Uika 0; (z ) Usz 0; () 1172
) - +4y (%;)( G+ B W) (e + W)
= (’I’L _ 1)4E gf)(i)2 +Apre Z <_U,~kWu _|_ 20; (= )W W)
ij (o 0;(v)> T or(y)® ikl
pre UpWie | 207 () 1172 _UiWs; | 205 () yir 17,
24 k;ﬁzz]( 0: ()2 T O () Wlk) ( 0:(p)? T 92‘(y)3W"kW”)
pre
. n
= (anOSt)Q (100)
For Si,, we have
o (@A, (T A,
go(i1) ’ go(i2)
T. — )2 T, — m) AP 4, T, — m)AYr 4,
:E[ ( p W). i’ffAermlrw] —FE (T —m A (L5 — Az,
go(i1)go(i2) go(i1) go(i2)
[ pre ,pre Uiy i Wi 2911("5 @QthQh 207, (%) 11,2
Allj AZQJ (%) <_ 9# )? + 9* ) ( + 9* ®)? Wi2h>
pre 4pre Ui, i Wi 11(x) 2 inn W, i 207, (%) 11, o
A AL (l%( T T lel)( P gt Wan Wy )
pre ,pre Uy Wi QLWZJ 0;, ()
| g | T l#z< ot + b Wan) (-G + i WaWe)
T (n—=1)4 go(i1)go(iz) pre 4pre UiuWiy 0;, (z) _UinWin 07, (%) 112
oy A A z;( T thWm)( T V)
pre 4pre Uiyt Wiin (z) _UiyiWign (@) 177 -
A7 AL g%( RO (y)SWszh)( o wE T (y)BWthwh)
re ,pre Ui i Wiy 07 (z) UiyiWi,; 207, (z)
A X (= + e WauWas ) (=5 + 720 Wt Wy
5 (T — m) AL, 5 (T — ™)AL 514
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pre _posty2 pre\2 . pre posty2 pre\2
—0 (mmigq (qp;gJ;Q } ) +0 ((T(Z’;os{p) -0 (mlnif:qp;irg4 ! ) =0 ((iqqios)w) (101)

For S};, we have

(T, —m) AV i (T, — )AL
Cov < go(7) ’ go(7) )

=E |:<]}1 B ﬂ-)(TJz - )ApreApre 2 :| —E ( 7T) Pre E ( J2 T )Apre i
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go(%) 9o(%)
min{qgre, ngSt}Q
= ( qpost)3 (102)
For S},, we have
Cov (T — W)Afjrl i (T — W)Air]‘srl,iz
go(i1) ’ go(iz)
APTeAP T1,i1T1,io Ap er i1 Ty — A}')rer 7
— E (Tjj_ﬂ-)(Tk;_Tr) 11) 2k 1 1 . ( ) i1] 1 E ( k 7['). ink 1,io
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i Ui ;Wi QszL 0;, (z) 7T
9% (-5 + 7 (y)anW“ ) (SR T Wi W)
1 T} Ty —m re 4pre ( 1k1 Wik, )( (55) )
RS e A AT 2 e+ e i) (TR <y> 7 Wi Wi
UZIJWYI" ,1(2:) .. . _Ulz’fzkaz ( )
i (=T e W) R (%5 + e W) _
_ mln{qpre’qgost}g ( post) min{qgre’qgost}nqpre( Eost)z
h nt(gh™)! nt(gh™")*
_ mln{qpre’qgost} gre 103
= n3(qpost)2 ( )
By combining these results, we have
V(Sl) _ 1 qgre (qgre)g min{qgre’ qgost}g min{qgre’ qgost}nqpre
VTP \ @ @ @y ()2
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In particular, this implies that

si=0 O [ mindah, "} 104
1= VP fnquSt +Up nzqgre(qgost)z : ( )

Next, for Sy, define B;; = As;erl(;;(_]\ii);ézgol()ig%jgo(i)). Then we bound S3 in Ly norm:

n

El(S3) = S B |

(ZB + > BmBm)]

Jj=1 i#£] (41,32)
+ 72 Z E [ - 77 Tk -7 (Z BZJB'Lk + Z Bll]B'LQk)
(4:k) i#£j (i1,2)

For the first term, by (79) and analogous argument to (100), we have
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E [(Tj )2 AP | w] E

<1 g [(T )2 APrer2 } <o e !
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For the second term, by (78) and analogous argument to (101), we have
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= [l s o) [ Bl o) S, ]

1 pre EOSt 2 51@2 1
< r (Clmm{q ,q }+0 (g ))Q)SC .
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For the third term, by (79) and analogous argument to (102), we have
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For the fourth term, by (78) and analogous argument to (103), we have
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By combining these results, we have

1 . gre gost 2
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and thus
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In particular, combining (104) and (105) implies that

. pre post
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By combining (99) and (106), we have

1 1
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Z v =t ) T e

Combining (93) and (107) together completes the proof.
Also, we can show that by Lemma FE.2 and (19),

*ZZa“ ™) —izn:(T-_W)E %‘w O 1
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and thus
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